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Abstract. We study geometric and statistical properties of complex rational 
maps satisfying the Topological CoUet-Eckmann Condition. We show that 
every such a rational map possesses a unique conformal probability measure 
of minimal exponent, and that this measure is non-atomic, ergodic and that 
its Hausdorff dimension is equal to the Hausdorff dimension of the Julia set. 
Furthermore, we show that there is a unique invariant probability measure 
that is absolutely continuous with respect to this conformal measure, and we 
show that this measure is exponentially mixing (it has exponential decay of 
correlations) and that it satisfies the Central Limit Theorem. 

We also show that for a complex rational map / the existence of such 
an invariant measure characterizes the Topological CoUet-Eckmann Condi- 
tion, and that this measure is the unique equilibrium state with potential 
-HD(J{/))ln|/'|. 



1. Introduction 

We consider complex rational maps / : C ^ C of degree at least 2, viewed 
as dynamical systems acting on the Riemann sphere C. We provide a system- 
atic approach to study geometric and statistical properties of rational maps. For 
simplicity we restrict to rational maps satisfying the "Topological CoUet-Eckmann 
Condition" (TCE). This condition is very natural and important, because it has 
several equivalent formulations |PR,S1| and because the set of (non-hyperbolic) ra- 
tional maps satisfying this condition has positive Lebesgue measure in the space of 
all rational maps of a given degree |Asp| . Our main results extend without change 
to multimodal maps of the interval satisfying the TCE condition. 

1.1. The Topological Collet-Eckmann Condition. The TCE condition was 
originally formulated in topological terms, but it has many equivalent formulations. 
For example, a rational map / satisfies the TCE condition if and only if it is non 
uniformly hyperbolic: The Lyapunov exponent of each invariant probability measure 
supported on the Julia set is larger than a positive constant, that is independent of 
the measure. In this paper we will mainly use the following equivalent formulation 
of the TCE condition. 

Exponential Shrinking of Components (ExpShrink). There exist Xsxp > 1 
and rg > such that for every x G J if), every integer n > 1 and every connected 
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component W of f "(i?(x,ro)) we have 

diam(Ty) < A^:^. 

See jPRSlj for the original formulation of the TCE condition, and for other of 
its equivalent formulations. 

The TCE condition is closely related to the "CoUet-Eckmann condition" : a ra- 
tional map / satisfies the Collet- Eckmann condition if every non-repelling periodic 
point of / is attracting, and if for every critical value v in the Julia set J(/) of / that 
is not mapped to a critical point under forward iteration, the derivative |(/")'(f)| 
growths exponentially with n. The CoUet-Eckmann condition implies the TCE 
condition, but the reserve implication is not true. In fact, in jPRol §5] there is an 
example of a rational map / satisfying the TCE condition and having a critical 
value V in J(/) that is not mapped to a critical point under forward iteration, and 
such that hminf„^oo ^ In |(/')"(^)l = ^oo. 

The CoUet-Eckmann condition was introduced in |CE| . in the context of uni- 
modal maps. It has been extensively studied for complex rational maps, see |Asp| 
iDFl l(;Sm 1 1 [CS^ rP72l IPr^ PRSH Eia |Hm] and references therein. In particular, 
M. Aspenberg recently proved in |Asp| that in the space of all rational maps of a 
given degree, there is a set of positive Lebesgue measure of (non-hyperbolic) rational 
maps that satisfy the CoUet-Eckmann condition, and hence the TCE condition. 

1.2. Conformal measures. A general Julia set has a fractal nature, as its Haus- 
dorff dimension is larger than its topological dimension, see e.g. |Zdj . In this case, a 
natural geometric measure on the Julia set are the conformal measures of minimal 
exponent: given i > 0, a non zero Borel measure fj, is conformal of exponent t for /, 
if for every Borel subset J7 of C where / is injective, we have 

M(/(t/)) = / \r\'d^Ji. 

Ju 

Every rational map admits a conformal measure jSu| and the minimal exponent 
for which such a measure exists is equal to the "hyperbolic dimension" of the Julia 
set, see |DUI IPrl] and also [McMI lUl IP Uj . For a uniformly hyperbolic rational 
map there is a unique conformal probability measure of minimal exponent. This 
measure is equal, up to a constant factor, to the restriction to the Julia set of 
the Hausdorff measure of dimension equal to the Hausdorff dimension of the Julia 
set jSu| . However, for certain rational maps the Hausdorff measure of the Julia set 
might be zero or infinity. In other cases all the conformal measures are atomic. See 
the survey article [H] for these and other results related to conformal measures. 

Our first result is about the existence of a non-atomic conformal measure of 
minimal exponent. 

Theorem A. Every rational map satisfying the TCE condition admits a unique 
conformal probability measure of minimal exponent. This measure is non-atomic, 
ergodic, its Hausdorff dimension is equal to the Hausdorff dimension of the Julia 
set and it is supported on the conical Julia set. 

We recall the definition of "conical Julia set" in Appendix This set is also 
called "radial Julia set" . 

The conformal measures of a rational map without recurrent critical points in 
the Julia set are well understood [11] ■ The first result in the more subtle case 
when there is a recurrent critical point in the Julia set was proved by the first 
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named author in |Pr2| , where it is shown that a rational map satisfying the CoUet- 
Eckmann condition and an additional "Tsujii type" condition admits a non-atomic 
conformal measure of minimal exponent. This result was extended by J. Graczyk 
and S. Smirnov to rational maps satisfying the CoUet-Eckmann condition, and the 
weaker "summability condition" |GSm2| . The methods employed in these articles 
breakdown for rational maps satisfying the TCE condition, as they use the growth 
of derivatives at critical values in an essential way. 

1.3. Absolutely continuous invariant measures and their statistical prop- 
erties. Having a non-atomic conformal measure of minimal exponent as a reference 
measure, it is natural to look for absolutely continuous invariant measures. Note 
that if a rational map satisfies the TCE condition and its Julia set is the whole 
sphere, then the measure given by Theorem IXI is the spherical measure. 

Recall that if {X, v) is a probability space and if / : X ^ X is a measure 
preserving map, then the measure v is said to be mixing, if for every pair of square 
integrable functions iy9, -0 : X K we have 

{if o /") • ijjd^ — j ipdv j ijjdv — > 0, as n — > oo. 

Theorem B. Let f he a rational map satisfying the TCE condition. Then there is a 
unique f invariant probability measure that is absolutely continuous with respect to 
the unique conformal probability measure of minimal exponent of f . Moreover this 
measure is ergodic, mixing and its density with respect to the conformal measure of 
minimal exponent is almost everywhere bounded from below by a positive constant. 

There are several existence results of this type for rational maps with no recurrent 
critical points in their Julia set [U]. For other existence results in the case of 
recurrent critical points, see |Asp[ IBerl IGSm2l IPr3l IPr2[ IRej . 

We next study the statistical properties of the invariant measure given by The- 
orem Given a measurable space (X, v) and a measure preserving map 
/ : X — > A, we will say that the measure v is exponentially mixing or that it 
has exponential decay of correlations, if there are constants C > and p G (0, 1) 
such that every bounded measurable function ip and every Lipschitz continuous 
function il), we have 



(1) 



[if o /") • -ipdiy — / ipdi^ / ipdi' 



<C{ sup |^(z)| ll^llLip-p" 



Here U\\up = sup^gj(/) \^(z)\+sup,^,,^j(^f-^^,^,, denotes the Lipschitz 

norm of ip. Moreover we will say that the Central Limit Theorem holds for v, if for 
every Lipschitz continuous function ■0 : X — > R that is not a coboundary (i.e. it 
cannot be written in the form ip o f — ip) there is cr > such that for every a; G M 
we have, 



lj_y^of^<x\^-L= r 



exp I ^^~~2 I as n ^ oo. 



Theorem C. If f is a rational map satisfying the TCE condition, then the in- 
variant measure given by Theorem\^is exponentially mixing and the Central Limit 
Theorem holds for this measure. 
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To the best of our knowledge this is the first result of this type in the holomorphic 
setting. In the case of unimodal maps, a similar result was proved in |Y2I IKNj . 
In |BLS| this result was shown for CoUet-Eckmann multimodal maps having all its 
critical points of the same critical order. The proof that we give here for rational 
maps extends without change for multimodal maps satisfying the TCE condition 
(and hence for those satisfying the CoUet-Eckmann condition), with no restriction 
on the critical orders of critical points. 

1.4. Further results. We show that a rational map having an exponentially mix- 
ing invariant measure as described in theorems and [CI must satisfy the TCE 
condition. This adds yet another equivalent formulation of the TCE condition. 

Theorem D. Let f be a rational map having an exponentially mixing invariant 
measure that is absolutely continuous with respect to some conformal measure of f , 
in such a way that the density is almost everywhere bounded from below by a positive 
constant. Then f satisfies the TCE condition. 

An analogous result for unimodal maps was shown by T. Nowicki and D. Sands 
in |NS| . We follow the same idea of proof, which is to show (by an argument 
attributed to G. Keller) that the existence of such a measure implies that the map 
is uniformly hyperbolic on periodic orbits: there is A > 1 such that for every 
positive integer n and every repelling periodic point p of / of period n, we have 
I (/")'(?) I ^ Then we use the result of |PR,Slj . that for a complex rational map 
this last condition is equivalent to the TCE condition. 

We also show that the measure given by Theorem ^ is characterized as the 
unique invariant measure supported on J(/) whose Hausdorff dimension is equal 
to HD(J(/)) (Proposition ESI and as the unique equilibrium state with potential 
— IID(J(/)) In l/'l of / (Corollarv l8.4|l . Similar results for CoUet-Eckmann unimodal 
maps where shown in |BKj : see also |PSj . 

Finally, we also show that for a rational map satisfying the TCE condition, the 
set of points in the Julia set that are not in the conical Julia set has Hausdorff 
dimension 0. This is a direct consequence of Theorem IeI and Lemma l7.2l 

1.5. Strategy. We now explain the strategy of proof of our main results, and 
simultaneously describe the organization of the paper. 

To prove theorems 1X1 IbI and lUl we use an inducing scheme. That is, we construct 
a (Markovian) induced map and then deduce properties of the rational map from 
properties of the induced map. To construct a conformal measure supported on 
the conical Julia set (Theorem 0), we basically construct an induced map whose 
maximal invariant set has the largest possible Hausdorff dimension (equal to the 
Hausdorff dimension of the Julia set) and which is strongly regular in the sense 
of |MU1| . Given a rational map having such an induced map, we construct the 
desired conformal measure in Appendix IbI For the existence and statistical prop- 
erties of the absolutely continuous measure (theorems El and Ej) we do a "tail 
estimate" and use the results of L.-S. Young |Y2| . The main difference with previ- 
ous approaches is that we estimate diameters of pull-backs directly using condition 
ExpShrink, and not through derivatives at critical values. 

The core of this paper is divided into 2 independent parts. In the first part (§330 
we construct, for a given rational map satisfying the TCE condition, an induced 
map which is uniformly hyperbolic in the sense that its derivative is exponentially 
big with respect to the return time, and that it satisfies some additional properties. 
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see Theorem IeI in H4.4I For this, we first show in fj^that the TCE condition imphcs 
a strong form of the "Backward Contraction" property of [El- The construction of 
the induced map is based on the concept of "nice couple" introduced in Ri , which 
is closely related to nice intervals of real one-dimensional dynamics, sec i) tl4.1l 
To each nice couple we associate an induced map of the rational map f t|4.3|l . Then 
we repeat in H4.4I the construction of nice couples of Ri , using the Backward 
Contraction property that was shown in fJ3 The desired properties of the induced 
map associated to this nice couple follow easily from the Backward Contraction 
property. 

In the second part (§1210 we give very simple conditions on a nice couple, for 
a rational map satisfying the TCE condition, so that the associated induced map 
has the following properties: its maximal invariant set has the largest possible 
HausdorfF dimension (equal to the Hausdorff dimension of the Julia set) and there 
is a e (0,HD(J(/))) such that. 



where the sum is over all the connected components of the domain of the induced 
map. This is stated as the Key Lemma in ^JJ] Both estimates are very important 
for the existence of the conformal measure supported on the conical Julia set and 
for the existence and statistical properties of the absolutely continuous invariant 
measure. To prove Q we introduce in fjSl a "discrete density" that behaves well 
under univalent and unicritical pull-backs. Then we prove in fj^l a general result 
estimating the discrete density of the domain of the first entry map to a nice set. 
The use of the discrete density greatly simplifies the proof of the Key Lemma, as 
it reduces considerably the combinatorial arguments. 

To prove Theorem ^ we show a general result in Appendix ^ that roughly 
states that if a rational map admits a nice couple satisfying the conclusions of the 
Key Lemma, then the rational map has a conformal measure supported on the 
conical Julia set (Theorem . The proof is very simple: the hypothesis imply 
that the induced map associated to the nice couple is (strongly) regular in the 
sense of fMUl and by the resuhs of IMTTTj we deduce that this induced map has 
a conformal measure whose dimension is equal to HD(J(/)). Then we spread this 
measure using the rational map, to obtain a conformal measure supported on the 
conical Julia set. The proof of Theorem fXl is in ij8.ll 

The proof of theorems IbI and ICl is in ij8.2l We deduce these results from some 
results of Young in jY2j, that we briefiy recall. As usual the most difficult part is 
the "tail estimate". In our case this follows easily from Theorem IeI and from the 
Key Lemma. 

In Appendix^we gather some general properties of the induced maps considered 
here, the most important being translations of results of MUl to our particular 
setting. 

The proof of Theorem IdI is in i j8.3l and the results about Hausdorff dimension of 
invariant measures and equilibrium states are in H8.4I 

1.6. Notes and references. There are quadratic polynomials having no conformal 
measures supported on the conical Julia set Even when there exists such a 
measure, little is known in general about its properties. For example, to the best 
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of our knowledge it is not known if the Hausdorff dimension of such a measure is 
positive. 

In IT it is shown that for every rational map of degree at least 2, the measure 
of maximal entropy is exponentially mixing and that the Central Limit Theorem is 
satisfied for this measure. The last result was first shown in |DPU| . However the 
measure of maximal entropy does not describe well, in general, the geometry of the 
Julia set: The Hausdorff dimension of the measure of maximal entropy is usually 
strictly smaller than the Hausdorff dimension of the Julia set |Zdj . 

1.7. Acknowledgments. We are grateful to M. Urbanski for useful conversations 
and references and to S. Gouezel for several precisions and references. The second 
named author is grateful to the Mathematical Institute of the Polish Academy of 
Sciences (IMPAN) for hospitality during the preparation of this article. 

2. Preliminaries. 

For basic references on the iteration of rational maps, see jCGI IMij . 
An open subset of the Riemann sphere C will be called simply- connected if it is 
connected and if its boundary is connected. 

2.1. Spherical metric. We will identify the Riemann sphere C with CU {oo} and 
endow C with the spherical metric. The spherical metric will be normalized in 
such a way that its density with respect to the Euclidean metric on C is equal to 
z 1-^ (1 + With this normalization the diameter of C is equal to 7r/2. 

Distances, balls, diameters and derivatives are all taken with respect to the 
spherical metric. For z E C and r > 0, we denote by B{z,r) C C the ball centered 
at z and with radius r. Note that an open ball of radius r > ^ diam(C) is equal to 
C. 

2.2. Critical points. Fix a complex rational map /. We denote by Crit(/) the 
set of critical points of / and by J{f ) the Julia set of /. Moreover we put ^(/) 
Crit(/) n J(/). When there is no danger of confusion we denote Crit(/) and '^{f) 
just by Grit and 

For simplicity we will assume that no critical point in is mapped to another 
critical point under forward iteration. The general case can be handled by treating 
whole blocks of critical points as a single critical point; that is, if the critical points 
co,...,Cfe G J{f) a-re such that Ci is mapped to q+i by forward iteration, and 
maximal with this property, then we treat this block of critical points as a single 
critical point. 

2.3. Pull-backs. Given a subset F of C and an integer n > 0, the connected 
components of /^"(V) will be called pull-backs ofV by /". Note that the set V is 
not assumed to be connected. 

When considering a pull-back of a ball, we will implicitly assume that this ball is 
disjoint from the forward orbits of critical points not in J{f). So such a pull-back 
can only contain critical points in J{f). If / does not have indifferent cycles (e.g. if 
/ satisfies the TGE condition), it follows by the Fatou-SuUivan classification of the 
connected components of the Fatou set |BeallCGllMi| . that there is a neighborhood 
of J if) disjoint from the forward orbit of critical points not in So in this case 

every ball centered at a point of J(/) and of sufhcicntly small radius, will meet our 
requirement. 
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2.4. Distortion of univalent pull-backs. Wc will now state a version of Koebe 
Distortion Theorem, taking into account that derivatives are taken with respect to 
the spherical metric. Given x G r > and an integer n > 1, let be a 

connected component of r)) on which /" is univalent. Then for e € (0, 1) 

let W{e) C be the preimage of B{x,er) by /" in W. 

Fix two periodic orbits Oi and O2 of / of period at least 2 and let vk > he 
sufficiently small such that for every x e C the ball B{x, rx) is disjoint from either 
Oi or 02- So, for every positive integer n and every component W of /^"(i3(a;, rji)), 
we have, 

diam(C \ VF) > min{diam(Oi), diam(02)} > 0. 

Hence the following version of Koebe Distortion Theorem holds (see also Lemma 1.2 
of IEr3|). 

Koebe. For every e G (0, 1) there exists a constant K{e) > 1 such that, if x g J{f), 
r > 0, n> \, W and W{e) are as above with r G (0,rjf), then the distortion of f"' 
on W{£) is hounded by K{e). That is, for every z\, Z2 £ W{e) we have, 

\{n\^i)\/\{n'{^2)\<K{e). 

Moreover K{e) 1 as e — )■ 0. 

3. TCE IMPLIES Backward Contraction. 

The purpose of this section is to prove the following property of rational maps 
satisfying ExpShrink, which is closely related to the Backward Contraction property 

of EH- 

Proposition 3.1. Let f he a rational map satisfying ExpShrink with constant 
^Exp > 1- Then for every X g (1, Xexp) there are constants G (0, 1) and a > 0, 
such that for every S > small and every c S there is a constant S{c) € {S,S^] 
satisfying the following property. 

For every c, c' € , every integer n>\ and every pull-hack W of B{c, 5^°'5{c)) 

by r, 

dist(W^,c') < 5{c') implies diam(VF) < \-''5{c'). 

After some preliminary lemmas in S ijH.lirOl and rOl the proof of this proposition 
is given in ij3.4l 

3.1. Distortion lemma for bounded degree maps. The following is a well- 
known general lemma, that is needed in the proof of Proposition 13. II 

Lemma 3.2. Fix e > and f > small. Let W he a simply- connected subset ofC 
such that diam(C \ W) > e. Let z £ €- , r £ {Q ,f) , : W ^ B{z, r) a holomorphic 
and proper map and let W he a connected component of (p~^{B{z, r/2)). Then there 
is a constant K > I, depending only on e and on the degree ofip, such that for every 
connected set U C B{z,r/2) and every connected component V <Z W of (p~^{U), 
we have 

diam(V^) diam(J7) 

^ J\ . 

diam(VK) ~ r 

Proof. For a set D C C conformally equivalent to a disc and for rj C D we denote 
by diam_D(77) the diameter of rj with respect to the hyperbolic metric of D. 
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Since r S (0, f) there is ifo > such that 
(3) diam([/)/r < i^odiamB(^,r)(C^)■ 



Moreover the modulus of the annulus B{z, r) \ B{z, r/2) is bounded from below in 
terms of f only. Thus the modulus of the annulus \ is bounded in terms of 
f and of the degree of if only. Let w d W he such that if(w) — z and consider a 
conformal representation tp -.^ ^ W such that "0(0) = w. Let W := ijj~^{W) and 
V ■.= ip-^{V). 

Since diam(C \ W) > e, by Koebe Distortion Theorem the distortion of ip on W' 
(where B C C is endowed with the Euclidean metric) is bounded by some constant 
Ko > 1. Therefore we have, 

diam(\/)/diam(M^) > ko diam(y')/ diam(T^') > Kodiam(V"')- 

Since the modulus of D \ W is equal to that of \ W, which is bounded in terms 
of the degree of cp only, there is a constant ki > such that 

diam(F') > KidiamD(t^') > KidiainB(^z,r){U), 

where the last inequality follows from Schwarz' Lemma. So by (O we have, 

diam(F) diam([/) 

□ 

3.2. Diameter of pull-backs. The following is analogous to Lemma 1.9 of |Pr4| . 

Lemma 3.3. Let f be a rational map satisfying ExpShrink with constants Xsxp > 1 
and ro > 0. Then the following assertions hold. 

1. There are constants Cq > and 9q G (0, 1) such that for every r € (0,ro), 
every integer n > 1, every x £ J{f) and every connected component W of 
f^"{B{x,r)), we have 

diam(W^) < CoA^^pA. 

2. For each A G (1, Xsxp) o,nd f3 > there is a constant Aq := Aq{X, (3) > 0, 
such that if in addition n > Aq lnr~^, then 

diam(W^) < X'^r^+f^ . 

Proof 1. Put M = sup|/'|. Given r e (0,ro) and x G J{f) let m > be the 
integer such that M^*^™^-'^^ < r < M^™ and let Wq be the connected component 
of /-™(B(/'"(a;),ro)) that contains x. Thus, 

B{x,r) C B{x,M-'^) C Wq. 

Let n > 1 be an integer, let W he a, pull-back of B{x,r) by /" and let Wn he 
the corresponding pull-back of Wq- Then, letting Oq in^E^ ^® have 

diam(W^) < diam(W^„) < X^^;-^'"^^ = A-^M^^"" < M'n^^^r'^" . 
and r > is small enough, we have 



□ 
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3.3. Pull-backs and critical points. Fix a complex rational map / of degree at 
least 2. Recall that we assume that no critical point in :— Crit(/) n J{f) is 
mapped to a critical point under forward iteration (cf. Preliminaries). 
The following is Lemma 1 of Prl . 

Lemma 3.4. Put M — sup^ |/'|. Then there is a constant k > such that for 
every c G and every n > 1, we have 

dist(c,/-"(c)) > kA/-". 

Proof. For a critical point c of / denote by d{c) the local degree of / at c. Let 
C > be such that for <5 > small and c e ^, we have diam(/(B(c, S))) < CS'^^'^l 
Given n > 1 let w e f^'"'{c) be a point closest to c and put r := dist(c, w). Letting 
Co(c) :— Af ^^(73''''^-' and considering that B{w,2r) C B{c,3r), we have 

diam(/"(B(w,2r))) < M"-Miam(/(B(w, 2r))) < Co(c)M"r'^('=). 

Thus /"(B(c,r)) C /"(B(w,2r)) C B{c,Co{c)M"r'^^''^). Since c e J(/) we must 
have Co(c)M"t'^('^) > r, so the lemma follows with constant n :— maxcg<^ Co(c)~^. 

□ 



Lemma 3.5. Let f be a rational map satisfying ExpShrink. Then there are con- 
stants ri > and Ai > such that for every c € every r € (0, ri), every n > 1 
and every connected component W of f^"'{B(c,r)), 

dist(c, ly) < r implies n > Aolnl/r. 

Proof. Let Co, ro > and Oq e (0,1) be given by Lemma So, assuming 

r G (0, ro) we have diam(VF) < Cor^" . Since W contains a n-th preimage of c we 
have by Lemma 13.41 

kM"" <r + diam(Vr) < 2Cor^°. 

Hence the Lemma follows with any constant Ai £ (0,6'o/lnM), by taking ri suffi- 
ciently small. □ 

Lemma 3.6. Let f be a rational map satisfying ExpShrink and let N > 1 be the 
number of critical points of f in J{f). Then there are constants ri > 0, > 1 
and i^i > such that for every x g J{f), every r G (0, ri) and every pull-back 
Wo := B[x,r), Wi, . . . the following assertions hold. 

1. The sequence < mo < mi < ... of all integers such that Wrm contains a 
critical point satisfies, 

™i ^ i^iCi V''j i > N. 

2. For every A > Q there is a constant Di := Di{A) > 1 such that if n < 
Alnl/r then the degree of 

r:W^B{x,r) 

is at most Di. 

Proof. Note that part 2 is a direct consequence of part 1. 

Fix A e (1, Aexp) and let tq > 0, Co > and 6*0 G (0, 1) be as in Lemma so 
diam(VFi) < CoA^V^° for i > 0. In particular we may suppose that Wm- contains 
a unique critical point Ci £ ^tf. 
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Fix i > N. Then there is a critical point c such that 

k ^ #{j e {0, . . . ,i} \ c, = c} > i/N > 1; 

let mo < no < rti < . . . < n^^i < rrii be all the integers such that c £ Wn^- Thus 
for every j = 1 , . . . , fc — 1 the set Wn contains a (n^ — rij _ i )-th preimage of c. Then 
Lemma r-{.4l implies that, 

kM-("^-"^-i' < diam(T4^„J < CqA""^' A. 

So letting ^ := j^|'!^jy^^ > 1 and ly :— ^-y^^fjXj and assuming ri > small enough, 
we have nj > S.rij-i + vlnl/r. Therefore, 

mi>nk> vi^-'^\nl/r> {vC^){S}/'^y\ii\lr, 

and the lemma follows with := ^^/^ and vi :— v£,~^ ■ ^ 

3.4. Proof of Proposition l»{. Jl Let / be a rational map satisfying condition Exp- 
Shrink with constants Aexp > 1 and tq > and let Co > and 9^ G (0, 1) be the 
constants given by part 1 of Lemma 13.31 Moreover let ri > and > be 
the constants given by Lemma [3.51 Denote by N the cardinality of and choose 

Aq G (1, Aexp), 

a2 G (O,min{(Ai02/4Ar)ln(Ao/A),0o/2A^}), 
92 G (O,0o-27Va2). 

Choose A G (1, Ao) and fix (5 > small enough so that 5^'^ < ri. Let co G and 
consider successive pull-backs Wq := B{co, S), Wi, ... . For j > define Cj G 
5j > and rrij > 1 inductively as follows. Put Sq := S and mo := 0. Once Cj_i, 
Sj-i and mj_i are defined, let rrij > riij-i be the least integer such that for some 
Cj G we have 

:= X^,S-^"' diam(W™J > dist(c,, W„J. 

Lemma 3.7. There is a constant A2 > independent of S, such that the following 
assertions hold. 

1 . For every j > we have Sj < . 

2. If j > 1 is such that ruj > In 1/(5, then Sj < S. 

Proof. Part 1 and 2 of the lemma will be shown in parts 3 and 4 below. 

1. If (5 > is sufficiently small, then for every j — 0, . . . ,2N we have 

= A"^(5^J"^ diamiWm, ) < A"^ ,5-J°^CoAo "^(5"° 

< Co(5^°"^^"" < (5^V2- 

2. Consider j' > j > such that Cj/ — Cj and such that 

S' := max{(5j,(5j4 < (5^V2 < ri/2. 

Then W^^,W,n^, C B{cj,25') and the pull-back W of B{cj,2S') by /™.'-™^ con- 
taining VF™^, intersects i?(cj, 25'). So bv Lemma 1X51 

mj, -mj > Ai In 1/(2(5') > Ai92 In 1/(5. 

3. Given k > 2N suppose by induction that 6j < 6^^ for j = 0, . . . , fc. By part 1 
this holds for fc = 2N. Notice that there must be a critical point c G such that, 

#{jG{l,...,fc}|c,=c}>fc/iV. 
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Since k > 2N it follows by part 2 that 

(4) mfe > (k/N- l)Ai6i2lnl/(5 > {Aie2/2N)k\nl/5. 

By definition az < {Ai02 / 4:N) ln{Xo / X), so (Ao/A)™'» > J-^'^"^ Considering that 
TTT-k+i > rnk we have 

(5) diam(W„,,^J < CoA-'"'=+^5^° < 
therefore 

4. To prove part 2 of the lemma, let Ao(Ao,0) be the constant given by part 2 of 
Lemma [3.31 with A := Aq and /3 := and put 

A2 max{Ao(Ao,0),^i6l2}. 

Let j > 1 be such that rrij > In 1/(5. li k := j — 1 > 2N, then by Lemma [3.31 
and by the same reasoning as in part 3, we conclude that inequality lO holds with 
replaced by S. So in this case we have 6j — Sk+i < S. U k := j — 1 < 2N, 
then by definition of A2 we have nik > Ai92\nl/S > {Ai92/2N)klnl/6. So again 
inequality (0 holds with replaced by 6 and therefore Sj = Sk+i < S. □ 

Proof of Proposition For c € put 

d{c):= sup X"'^S-^"^ diam{Wj), 

Wo,Wu..., Cj=c 

where the supremum is taken over all co G and all successive pull-backs Wq :— 
B{co, S), Wi, . . ., where Cj, Sj and mj are defined as above. 

Put 9 :— 62 and fix a € (0, 02). In what follows we will prove that, if (5 > is 
sufficiently small, then the assertion of Proposition 13.11 holds for this choice 0, a 
and (5(c). 

1. Taking cq = c and j = in the definition of (5(c), we have (5(c) > S. Moreover 
by part 1 of Lemma [3.71 we have (5(c) < (5^^. On the other hand by part 2 of the 
same lemma, Sj > S implies that rrij < A2 In 1/(5. So the supremum defining (5(c) is 
realized. 

2. Let c, c' G n > 1 and let 1^ be a pull-back of S(c, (5^"(5(c)) by /" such 
that dist(c',M^) < S{c'). By part 2 of Lemma [3.31 it follows that there is ^0 > 
such that, if n > AqIuI/S, then diam(M^) < A""^ < A^"(5(c'). So we assume that 
n< Aq In 1/(5. 

By part 1 there is Cq G and a pull-back Wq :— B{co, S),Wi, . . . , Wm^: such 
that for some fc > we have c^ — c and 

(5(c) = (5fe = X"''S-'"'- diam(M^„J > dist(c, W™J. 

Note that W„i^ C B{c,2S{c)) C B{c, S^"S{c)). Consider the successive pull-backs 
W„ik,Wmk+i, ■ ■ ■ ,Wmk+n, such that Wmk+n C W . Let Cj, Sj and rrij be as in 
Lemma [X7I for the pull-back Wq, . . . , Wm^+n- Then for some £ > k we have ci = c' 
and mi = rrik -\- n. Hence by definition of (5(c'), 

(6) diam(W^„,,+„) < A-('"-+")(5^"M(c'). 

3. Let W be the pull-back of B{c,2S-'^5{c)) by /" that contains W. Since n < 
Ao In 1/(5 it follows by Lemma ESI that the degree of /" : B{c,2S-"S{c)) 
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is bounded by a constant depending on Aq only. Hence by Lemma IH.2I there is a 
constant K > 1 such that, 

diam(Ty)/diam(W^„,+„) < if 5-"(5(c)/ diam(W^„ J ^ KS-" X""- 6''"'^ 

So by ® and assuming d > small enough we have, 

diam(M/) < ifr"A-"(5(^~'=)"^,5(c') < A-"5(c'). 

This ends the proof of Proposition 13. II □ 

4. Induced maps. 

Given a rational map satisfying the TCE condition, the purpose of this section 
is to construct an induced map that is hyperbolic in the sense that its derivative 
is exponentially big with respect to the return time, and that it satisfies some 
additional properties (Theorem El- The construction of this induced map is based 
on the construction of "nice couples" in . We first recall the definition of nice 
sets f H4.1|l and of nice couples fi j4.2(l . and then we explain how to associate to each 
nice couple an induced map f ij4.3|l . The statement and proof of Theorem IeI is 
in S3I 

4.1. Nice sets. Let / be a complex rational map. We will say that a neighborhood 
y of that is disjoint from the forward orbits of critical points not in is a nice 
set for /, if it satisfies the following properties. The set V is the union of sets V^, 
for c £ such that is a simply-connected neighborhood of c, such that the 
closures of the sets are pairwise disjoint and such that for every pull-back W of 
V we have either 

WnF = 0orT^cy. 

Let V = Uc^^V^ be a nice set for /. Note that if W and W are distinct pull-backs 
of V, then we have either, 

WnW = fl},W dW or W' c W^. 

For a pull-back of F we denote by c{W) the critical point in 'yf and by mw > 
the integer such that /"^"^(W) — y^(^). Moreover we put, 

K{V) = {;z e C I for every n > we have /"(z) ^ V}. 

Note that K{V) is a compact and forward invariant set and for each c G ^ the set 
is a connected component of C\K{V). Moreover, if W is a connected component 
of C \ K{V) different from the V, then f{W) is again a connected component of 
C \ KiV). It follows that is a pull-back of V and that /™»' is univalent on W. 

4.2. Nice couples. A nice couple for / is a couple {V, V) of nice sets for / such 
that for every pull-back of 1^ we have either 

t?nF = or W CV. 

Let {V, V) be a nice couple for /. Then for each pull-back of we denote by 
W the corresponding pull-back of V, in such a way that W C W, = mw and 
c{W) — c{W). If W and W' are disjoint pull-backs of V such that the sets W and 
W intersect, then we have either 

(7) W CW'\W' or W' ClW\W. 
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If is a connected component of C \ K(V), then for every j = 0, . . . , mw — 1, the 
set f^{W) is a connected component oiC\K{V) different from the V^, and f^{W) 
is disjoint from V. It follows that f^{W) does not contain critical points of / and 
that is univalent on W. 

4.3. The canonical induced map associated to a nice couple. Let / be a 

complex rational map and let {V, V) be a nice couple for /. We will say that an 
integer m > 1 is a good time for a point z in V, if f"^{z) g V and if the pull-back 
of V by /™ to z is univalent. Let D be the set of all those points in V having a 
good time and for z S D denote by m{z) > 1 the least good time of z. Then the 
map F : D V defined by F{z) := f"^^^\z) is called the canonical induced map 
associated to {V, V). We denote by J{F) the maximal invariant set of F. 

As F is a nice set, it follows that each connected component of I? is a pull-back 
of V. Moreover, is univalent on W and for each z G W we have m{z) = mw- 
Similarly, for each positive integer n, each connected component W of the domain 
of definition of is a pull-back of V and is univalent on W. Conversely, if W 
is a pull-back of V contained in V and such that is univalent on W, then there 
is c G and a positive integer n such that F" is defined on W and F"'{W) = V^. 
In fact, in this case mw is a good time for each element of W and therefore W C D. 
Thus, either we have F{W) = V'''-^\ and then W is a connected component of 
D, or F{W) is a pull-back of V contained in V such that f"^F(^') is univalent on 

F(W). Thus, repeating this argument we can show by induction that there is a 
positive integer n such that W is defined on W and that F"-{W) = 

Lemma 4.1. For every rational map f there is r > such that if {V, V) is a nice 
couple satisfying 



then the canonical induced map F : D V associated to {V, V) is topologically 
mixing on J{F). Moreover there isc (z'^if such that the set 



is non-empty and its greatest common divisor is equal to 1. 

Proof. Let p be a repelling periodic point of /. By the locally eventually onto 
property of Julia sets |CGI IMi| , for each critical point c e there is a backward 
orbit starting at c and that is asymptotic to the backward periodic orbit of / 
starting at p. As our standing assumption is that no critical point is mapped into 
another critical point under forward iteration, this backward orbit does not contains 
critical points. Let r > be sufficiently small, so that r) intersects each of 

these backward orbits only at its starting point in 

Let {V, V) be a nice couple for / satisfying ((HJ and let F be the canonical induced 
map associated to {V,V). Since the partition of J{F) induced by the connected 
components of D is generating, it follows that for every open set U intersecting 
J{F) there is c £ and an integer n such that F'^{U) contains V^. Thus, to prove 
that F is topologically mixing we just have to show that for every c,c' G ^ there 
is no > such that for every positive integer n > uq the set F^{V'^ ) contains V^. 
For this, we will show that for every c, c' € there is a positive integer n such 



(8) 



maxdiamfV^^) < 



(9) 



{mw \W c.c. of D contained in such that F{W) — V^} 
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that the set contains and then that there is cq € such that 

contains V^" . 

By (|SJ| it follows that for each c € ^ , the periodic point p is accumulated by a 
sequence (W„)„>i of connected components of <C\K{V) that are pull-backs of V'^. 
By the locally eventually onto property of Julia sets, it follows that for each c' €'^0 
there is an integer n(c') and q{c') £ such that /"('^ \q[c')) = p. As for large n 
the set Wn is disjoint from /"^'^H^), it follows that for large n the pull-back of 
Wn by /"'•'^ near q{c') is a univalent pull-back of V'^. This shows that for every 
c,c' there is a positive integer n such that F'^{V'^ ) contains V^. 

Let us prove now that there is cq G ^ such that F{V'^'') contains V^^ . Choose 
an arbitrary c' € ^ and let q{c') as before. Let n > be the largest integer such 
that g := /"(g(c')) e y and let cq G be such that q e V''° . Then q is an iterated 
preimage of p such that /(g) S ^(V^)- As before, for every c G ^ the point q is 
accumulated by univalent pull-backs of V^. As /(g) S ^^^(y), it follows that the 
corresponding pull-backs of are contained in the domain of F and thus that 
F{V'^°) contains V^. In particular F{V'^°) contains 

To prove the final statement we will use the fact that every rational map has a 
repelling periodic point of each sufficiently large period. This follows from the result 
of jBeal Theorem 6.2.2, p. 102], that every rational map has a periodic point of a 
given (minimal) period greater or equal than 4, and from the fact that a rational 
map possesses at most finitely many non-repelling periodic points. For the proof of 
the final statement, notice that we can take the sequence {Wn)n>i above, in such a 
way that (m^ )n>i is an arithmetic progression for which the difference between 2 
consecutive terms is equal to the minimal period of p. This shows that the set © 
contains a set of the form {a -I- n6 | n > 0}, where h is the minimal period of p. 
Repeating the argument with + 1 repelling periodic points whose periods are 
pairwise distinct prime numbers, we can find c € for which the set ^ contains 
sets of the form {oq -I- n&o | > 0} and {ax + nbi | n > 0}, where bo and 61 
are distinct prime numbers. This implies that the greatest common divisor of the 
set (O is equal to 1. □ 

4.4. Constructing nice couples. The purpose of this section is to prove the 
following result. 

Theorem E. Let f be a rational map satisfying ExpShrink with constant Xsxp > 1- 
Then for every A G (1, Xexp), m > and r > there is a nice couple {V, V) such 
that, 

(10) minmod(F'=\F^) > m,maxdiam(i/n < r, 

and such that the canonical induced map F : D ^ V associated to {V, V) satisfies 
the following property: For every z £ D we have \F'{z)\ > X™^^\ 

In view of Proposition 13. II this theorem is a direct consequence of the following 
proposition. 

Proposition 4.2. Let f be a rational map satisfying ExpShrink with constant 
Xexp > 1 and choose A G {1,Xexp) and r G (0, j). For S > small and c S let 
5{c) > 5 be given by Provosition \3 . 1\ Then for every 5 > Q sufficiently small there 
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is a nice couple {V, V) for f such that for each c Cz '^S' we have, 

(11) B{c, ^6{c)) CV" C B{c, 6{c)) and B{c, T(5(c)) C V d B{c, 2tS{c)). 

The proof of this proposition is a repetition of jRil Proposition 6.6]. We include 
it here for completeness. It depends on the following lemma. 

Lemma 4.3. Given 5 > Q small, put Vq = (Jce'ifB{c,d{c)) and 

K{Vq) = {z e C I for every n > we have /"(z) ^ Vq}- 

If d > is sufficiently small, then for each c £ the connected component of 
C \ Kiy^) that contains c satisfies, 

B{c,S{c)) CV'^ C B{c,2S{c)). 

Proof. Let a > be given by Proposition 13. II and suppose that (5 > is sufficiently 
small so that 6^°" > 2. 

Given c € and an integer n > 0, let be the connected component of 
Uj=o,...,n-i/~"'(Vo) that contains c. Note that Vq — B{c,S{c)) and that Vq = 
Ucg-i^Vq. Moreover, note that is incrGcLsing with n and that — Un>o 
To prove the lemma is enough to show that for every integer n > we have 
V;-CB(c, 25(c)). 

We will proceed by induction in ri. The case n = being trivial, suppose by 
induction hypothesis that the assertion holds for some n > and fix c G We 
will show that the assertion holds for n + 1. For every point z e V^^+i there is an 
integer me {0, . . . ,n+ 1} and cq such that f™'{z) e B{co,S{co)); let m{z) be 
the least of such integers. Let X be a connected component of V^_|_i \ B{c,S{c)) 
and let z e X for which m{z) is minimal among points in X. Let cq G be such 
that /™(^^(z) G B{cq,6{cq)). Considering that m(z) > 0, we have by induction 
hypothesis 

/™(^)(X)C V;r« CB(co,2<5(co)). 

Then Proposition 13.11 implies that diam(X) < 6{c). Thus X C B{c,2S{c)) and 
V^^i C B{c, 26(c)). This completes the induction step and the proof of the lemma. 

□ 

Proof of Proposition \4-^ Let G (0, 1) and a > be given by Proposition 13 . II and 
choose 5 > sufficiently small so that the conclusions of Proposition 13 . II hold and 
so that (5~" > 2. Furthermore, we assume that (5 > is sufficiently small so that the 
least positive integer L > 1 such that f^i!^) intersects B{^ , S^), satisfies < r. 

For c G let be the connected component of C \ K{Vq) that contains c 
and put V — Uce'ifV'^. Then Lemma 14.31 implies that for each c G "i^ we have 
c B{c,2Sic)) c B{c,S-"S{c)). 

In part 1 below, for each c G ^ we construct sets and satisfying 1)11(1 and 
such that in addition C V and dV^, dV^ C /^^(iir(Vb)). In part 2 we conclude 
from these properties that the sets V := Uce'^V and V := ^ce'^V'^ are nice sets 
for / and that {V , V) is a nice couple for /. 

1. Note that Proposition 13. II implies that for every c G and every pull-back W 
of F by / that intersects B{c,5{c)), we have diam(W^) < t6{c). 
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Wc will just construct V^, the construction of V is analogous. For c G put, 

= B{c, i5(c)) U I connected components oiC\f-'^{K{Vo)) 

intersecting B{c, ^^(c))} . 

We have B{c, i^(c)) CV^'C B{c, (i + t)S{c)) and dV'' C f-'^{K{Vo)). Now put, 

y'^ = U I connected components 1^ of C \ V''^ 

such that diam(M^) < diam(C)} . 

It follows that V" is simply-connected, that B{c, ^5{c)) C V" d B{c, (5 + t)5(c)) 
and that dV" C dV" C f-^{K{Vo)). Observe finally that C V". 

2. Given c G let Wq be equal to either V'^ or and let Wq, Wi, ... be successive 
pull-backs by /. For an integer n > 1 let Wn be the connected component of 
C\K{Vo) that contains W„^Since dV Cf-'^{K{Vo)) {icsp^dV C f-\K{Vo))), it 
follows that we have either C V ot W^nV = (rcsp. <Z V or W^nV = 0). 
So to prove that the sets V and V are nice sets for / and that {V, V) is a nice 
couple for /, is enough to prove that for each n > we have W„ C Wn- 

We proceed by induction. For n = just note that Wo C Wq wc have, because 
V C V C Vq. Suppose by induction hypothesis, that for some integer n > 1 wc have 
Wn C Wn- If Wn docs not intersect ^ then the map / : Wn Wn-i is proper, 
so we have Wn C W„ in this case by the induction hypothesis. If W„ intersects 
then let be the connected component of ,f~^{Wn-i) that contains Wn, so that 
W^ C Wn- By the induction hypothesis, we have Wn C W^ C Wn- This completes 
the induction step and ends the proof of the lemma. □ 

5. The density ||-||^. 
Throughout all this section we fix a > 0. 

5.1. Families of subsets of C and the density |H|„. Given a family ^ of subsets 
of C put 

supp(i5) := Uwed^ ^^'^ 
BL--= sup( 5^diamKW)r], 

where the supremum is taken over all Mobius transformations ip- For two such 
families ^ and ^' we have, 

\\dlJS'L<ma + \\S' Wa- 
in the case C S^' we also have H^^H^ < \\d'\\a- 

Lemma 5.1. For every family ^ of subsets of C we have 

diam(W)« < 4« • diam(supp(iJ))" 
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Proof. Recall that we identify the Riemann sphere C with C U {oo}. 

When diani(supp(5^)) > ;| there is nothing to prove, so assume that diam(supp(S')) < 
J. After an isometric change of coordinates assume G supp(5^). The hypothesis 
diam(supp(i5)) < j implies that supp(5') is contained in {z e C | \z\ < 1}. More- 
over, letting A := 2diam(supp(5^)), we have that the set supp(3^) is contained in 
the ball B = {z G C \ \z\ < A}, because the density of the spherical metric with 
respect to the Euclidean metric on C is at least |on{0eC||2;|<l}. 

On the other hand, note that the distortion of the Mobius map ip{z) := A~^z 
on B is bounded by 2. So we have 

diam(W)" < 2" A" ^ diam((^(W))« < 4« diam(supp(S^))"||S^||„. 
wed wed 

□ 

5.2. Univalent pull-backs. The following assertion is an easy consequence of 
Koebe Distortion Theorem. For every m > there is a constant C(m) > such 
that the following property holds. Let U and U be simply-connected subsets of C 
such that U C U and such that U\U is a,n annulus of modulus at least m. Then 
for every univalent holomorphic map h : U ^ €. there exists a Mobius map (p such 
that the distortion of ho (p on U is bounded by C(m). 

The following lemma is a direct consequence of the property above. 

Lemma 5.2. For each m > there is a constant Co(m) > such that the following 
properties hold. Let U . V he simply- connected subsets of C and let h : U ^ V he a 
holomorphic map. Let^ be a family of subsets ofC such that supp(5) is contained 
in a simply- connected subset V of V, in such a way that V \ V is an annulus of 
modulus at least m. Then, 

\\{h-\W)\WGd}L<Co{m)ma- 

5.3. Modulus and diameter. Let A be an open subset of C homeomorphic to 

an annulus. When the complement of A in C contains at least 3 points, there is a 
unique R e (l,+oo] such that A is conformally equivalent to {z £ C \ 1 < \z\ < 
R} e (0, +oo]. In this case we put mod{A) = InR. When the complement of A in 
C consists of two points, we put \nA — +oo. 

A round annulus is by definition the complement in C of 2 disjoint closed balls 
or the complement of a closed ball in an open ball containing it, that is different 
from C. 

Lemma 5.3. There is a universal constant mo > such that for every subset A 
of C that is homeomorphic to an annulus, the connected components B and B' of 

C\A satisfy 

diam(i?) • diam(i?') < exp(— (mod(A) — mo)). 

Proof. Is easy to check by direct computation that there is a constant mi > so 
that property above holds for every round annulus, with mo replaced by mi. On 
the other hand, there is a universal constant m2 > such that every annulus in C 
of modulus m e (mi, +00) contains an essential round annulus of modulus m — mi. 
So the assertion of the lemma holds with constant mo := mi -|- m2. □ 
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5.4. Unicritical pull-backs. Given simply-connected subsets U and V of C, we 

say that a holomorphic and proper map h : U V is unicritical if is has a unique 
critical point. Note that the degree of a unicritical map as a ramified covering 
is equal to the local degree at its unique critical point. Given an unicritical map 
h : U V and a family g' of connected subsets of C such that supp(5^) C V, put 

h^^id) {connected component of h^^{W), for some W € 

We say that a family ^ of simply-connected subsets of C is m- shielded by a 
family ^, if for every W ^ ^ there is an element W oi ^ containing W and such 
that \ is an annulus of modulus at least m. 

Lemma 5.4. Given m > and d>2 there is a constant Ci(m, d) > such that 
the following properties hold. Let h : U V be a unicritical map with critical 
point c and let ^ be a family of simply- connected subsets of C that is m-shielded by 
a family ^ such that h{c) ^ supp(5^) and such that supp(3^) is contained in a 
simply- connected subset V ofV, so that V\V is a annulus of modulus at least m. 
Then 

\\h-\:S)\l<C,{ni,d}-UL- 

Proof. Let 7 be the Jordan curve that divides the annulus V\V into two annuli of 
modulus equal to a half of the modulus ofV\V. Denote by V the open disk in V 
bounded by 7. Then there are two cases. 

Case 1. h{c) ^ V. Then the preimage oi V hy h has d connected components and 
on each of these h is univalent. As by definition of V the set F \ y is an annulus 
of modulus at least im, in this case the assertion follows from Lemma [5.21 with 
constant Ci (m, d) := d ■ Co{'^iLn). 

Case 2. h{c) e V. In this case the set U :— Lp~^{V) is connected and simply- 
connected. Let : B — > y be a conformal uniformization such that (p{0) = h{c). As 
the modulus of the annulus F is at least ^m, there is rg S (0, 1) only depending 
on m such that V is contained in < fo})- By hypothesis for each W ^ 

there \sW €^ contained in 1/ \ {/i(c)}, such that \ is an annulus of modulus 
at least m. It follows that the diameter of W with respect to the hyperbolic metric 
oiV\{h{c)} is bounded from above in terms of m only. Therefore there is p G (0, 1) 
such that for every r e (O,pro), every element W oi ^ intersecting 'y9({|z| = r}) 
must be contained in the annulus ^p{{pr < \z\ < p~^r}). For j > 1 put 

^{{rop'+^ < \z\ < rop"-^}) and Sr-={W ed\W d V^}. 

By definition of p we have ^ = iij>idj. Moreover put Uj := h~^{Vj). By tl5. 21 there 
is a constant C" > only depending on and on the degree d of h, such that for 
every j > 1 we have 

(12) \\h-H^,)L<(^'BjL<c'mo.- 

Let jo > 1 be the least integer such that for every j > Jq we have diam(t/j) < i. 
Note that for every j > jo the set 

h-^ o ^{{z e C I rop'-'^ < \z\ < rop'"^^}) 

is an annulus of modulus {j — jo)ln p^^ /d. So there are constants C" > and 
7] e (0, 1) only depending on p and d, such that for every j > jo we have diam(J7j) < 
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C"^(j-io)_ Therefore, letting C" := 4"C"C"(1 - 77)-!, Lemma lO implies that, 

diam(M/)" < C'llJIU. 

Let mo be the constant given by Lemma [5. 31 and let N be the smallest positive 
integer such that exp(— (A^d"^ lnp~^ — ™o)) < \- Note that N depends on m only. 
By definition of jo we have diam([/jQ_i) > i. As for every j < jo — (iV + 3) the 
sets Uj and Uj„-i are separated by an annulus of modulus (jo — j — 3)d^^ In > 
Nd^^ lnp~^. Lemma 1^31 implies that diam(C/j) < ^ and as before we have, 

^ diam(W^)" < C'"UL- 

W6U,-=i,.,.,,o_(jv+3)'i-n53) 

Therefore, 

J2 diam(M/)"< J2 l|/^"'(^?.)|L + 2C""||i?t 

< {C'{N + 2) + 2C"'mL- 

As our hypothesis are coordinate free, this estimate proves the assertion of the 
lemma with constant Ci(m, d) := C'{N + 2) + 2C"' . □ 

6. Nice sets and the density ||-||^. 

Fix a complex rational map / of degree at least 2. Recall that the hyperbolic 
Hausdorff dimension of / is by definition 

HDhyp(/) :=supHD(X), 

X 

where the supremum is taken over all forward invariant subsets X of C on which / 
is uniformly expanding. 

The purpose of this section is to prove the following proposition. 

Proposition 6.1. Let f be a rational map such that for every neighborhood V' of 
the map f is uniformly expanding on the set 

(13) {z e ./(/) I for every n > we have /"(z) ^ V'}. 

Then for every nice couple {V,V) for f there exists a G {Q, HDhypif)) such that 
the collection Dy of connected components of <C\ K{V) satisfies < +00. 

See gUfor the definition of K{V). 

After the preliminary lemmas IS. 21 16.31 and 16.41 the proof of this proposition is 
given at the end of this subsection. 

For a subset X of C denote by BD(Ar) the upper box dimension of X. 

Lemma 6.2. Let f be a rational map as in the statement of Provosition JKll If 
K' is a compact subset of C such that f{K') C K' and such that f is uniformly 
expanding on K' , then 

HD{K') < BD{K') < HDnyj,{J{f)). 
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Proof. We will show first that we can reduce to the case when K' is compact and 
forward invariant (/(isT') = K'). Let K be the closure of n^^of"{K'). Clearly K 
is compact and forward invariant. Thus there is a compact neighborhood U of K 
such that U is contained in the interior of f{U). Let K be the maximal invariant 
set of / contained in U . This set is compact, forward invariant and, reducing U if 
necessary, / is uniformly expanding on K. By definition of K it follows that there 
is a sufficiently large integer N such that f^{K') is contained in U, and hence in 
K. It follows that BD(X') < W){K). Thus, replacing K' by K if necessary, we 
can reduce to the case in which K' is compact and invariant. 

The first inequality is a general fact. As / is uniformly expanding on K' , it 
follows that there is a uniformly expanding set K" containing K', which has a 
Markov partition, see [PU]. (The idea, taken from Bowen's construction, is to pick 
a (5-net in K' and shadow by forward /-trajectories all e-trajectories of points in 
the net. The set K" is defined as the union of these trajectories and it contains K', 
provided S ^ e.) Hence TiD{K") = 'HD{K"). To get this one uses an equilibrium 
state for the potential —HD^K") In |/'| on an invariant topologically transitive part 
of the related topological Markov shift. Next, for a sufficiently small neighborhood 
V of one can construct in a similar way an expanding set K'" containing the 
set (|13ll . and that has a Markov partition that is a substantial extension of the 
previous one. Hence we have 

m5{K') < BD{K") = m){K") < RI){K"') < HDhyp( J(/)). 

□ 

Lemma 6.3. Let f , (V, V) and be as in Proposition \6.1\ Then there are 
constants a G (0, HDhyp{f)) and Cq > such that 

(14) diam(VF)" < +oo, 

and such that for every ball B of C we have, 

(15) diam(Ty)° < Codiam(B)". 

weSv, wcB 

Proof. As by hypothesis / is uniformly expanding on K := K{V) n J(/), it follows 
that for every ball i? of C intersecting K there in an integer n > such that /" (B) 
has definite size and such that the distortion of /" on B is bounded independently 
oi B. So the existence of the constant Cq > for which 115|l holds for every 
ball B follows from (|14|l . In what follows we will prove that H14() holds for some 
appropriated choice of a. 

1. Let V' be a neighborhood of that is contained in V and such that for every 
c G ^ the set K' defined by (|13|l intersects V^. It follows that every element 
of Tly intersects K'. Given W S choose a point z\y in W C] K' and put 
Bw := B{W,diam{W)), so that W C Bw 

By Lemma lO we have BD{K') < HDhyp(/). 

2. Fix a e (BD(ii:')>HDhyp(/)). For r > let N{r) be the least number of balls 
of C of radius r centered at some point of K' , that are necessary to cover K'. It 
follows that for every r > the cardinality of a collection of pairwise disjoint balls 
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of radius at least r and centered at points in K' is at most N{r). On the other 
hand, as 

InA'^fr) 

a > BD(K') = hmsup— — -r4, 

it follows that, 

(16) ^iV(2-")2-"" < +00. 

n>0 

3. Since for every W G Dv the map J™"' extends univalently to W, it follows 
that there is a constant Ai > such that for every W E Dv we have Area.{W) > 
Ai diam(VF)^. Therefore there is an integer A2 such that for every W G there 
are at most A2 elements W G such that, 

idiam(VF) < diam(VK') < 2diam(H/), 

and such that B\y' intersects Bw- 

So, if for r > we denote by N'{r) the number of elements of J)y whose diameter 
belongs to {r,2r), then we can find a collection ^ of such sets whose cardinality 
is at least N'{r)/{A2 + 1) and such that the balls Bw, for W G 'S, are pairwise 
disjoint. As the centers of the balls Bw belong to K', it follows that 

N'{r) < {A2 + l)N{r). 

So by lfTB|l we have, 

diam(H/)" < ^ N'{2-")2-"°' < +00. 

W£T>v n>0 

□ 

Lemma 6.4. Let f be a complex rational map and let {V, V) be a nice couple for 
f. Then there is a constant Ci > such that for every ball Bof<C there is at most 
one connected component W of <C \ K(V) intersecting B and such that 

diam(H/) > Cidiam(B). 

Proof. Let {V, V) be a nice couple for /. It follows from {7)) that if W and W are 
distinct elements of Dv, then we have either WnW — or WnW = 0. So to prove 
the lemma is enough to show that there is a constant Ci > such that if W is an 
element of Dv and if _B is a ball intersecting W such that diam(VF) > Ci diam(_B), 
then B CW. ^ _ _ 

Note that for each W G Dv the set W is disjoint from K{V) and \ is an 
annulus of modulus at least 

m := minmodfV^^ \ V^). 

As the set K{y) contains at least 2 points (because it contains it follows that 
there is e > such that for every W eDv the set 

W{e) = {z G C I dist(z, W)<e diam(H/)} 
is contained in W . Clearly the constant C\ := e^^ has the desired property. □ 
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Proof of Provosition \6.1[ Recall that we identify C with C U {00} and that the 
spherical metric is normalized in such a way that its density with respect to the 
Euclidean metric on C is given by 2; 1-^ (1 + Moreover, balls, distances, 

diameters and derivatives are all taken with respect to the spherical metric, see the 
Preliminaries. 

Let a, Co and Ci be the constants given by lemmas l^TSl and l^^ Choose p £ (0, 1) 
sufficiently small so that for every r £ (0, 1] we have 

dist({|z| = r}, {\z\ < pr}) > Ci diam({|z| < pr}). 

Let (/J be a given Mobius map. After isometric change of coordinates in the domain 
and in the target, we assume that ip is of the form Lp{z) — Az, with A real and 
satisfying A > 1. Let TV > 1 be the least integer satisfying p^ < A^^/^ and put 

Ao :={|z| >pA-i/2}u{(^}, 

An {p"+iA-i/2 < < p"-iA-i/2}^ 

for n = l,...,7V— 1, and put 

Ar, :={|z|<p^-iA-i/n. 

For 71 = 0, . . . , iV we denote by the sub-collection oiT)v of sets contained in An 
and we denote by ^ the sub-collection of of sets not contained in any of the 
An- By definition we have 5^ U iJo U . . . U = ^v- 

In parts 1, 2 and 3 below we estimate the sum ^ diam((/3(Ty))", where W runs 
through 5^, ^0 a-iid ^Ji U . . . U ^Jat, respectively. These estimates are independent of 
A, so the lemma follows form them. 

1. By definition each element of ^ intersects at least two of the sets {|z| = p"A^^/^}, 
for 71 = 0, . . . , A^. For W & ^ denote by n{W) the largest integer n — 0, . . . , N such 
that W intersects {\z\ — p"A~^/^}. So for each G 5' we have 

(fiiW) C (p{{\z\ > p»(M')+iA-i/2} u {00}) c {|z| > p»(W')+2-^} u {00}, 

and dia,m{ip{W)) < (2p^'^)p"(^^~^. By Lemma 16.41 and by the choice of p, for 
distinct W, W E "S the integers n{W) and n{W') are distinct. Therefore we have 

diam(</j(T4^))" < (2p-2)"(i + p" + . . . + p^^") 

<(2p-2)"/(l-p"). 

2. As sup{|(^'(z)| I z e Aq} < p~^, we have 

dia.m{ip{W))" < p^^" ^ diam(Vl^)" < p-^" ^ diam(Vr)". 
wedo we^So weVv 

By Lemma l6 . 31 this last quantity is finite. 

3. Note that there is a constant C2 > only depending on p, that bounds the 
distortion of cp on each of the sets An, for n = 1, . . . ,N. On the other hand, note 
that for each n = 1, . . . , A^ and z £ C such that \z\ = p"A^^/^, we have z € A„ and 

1 -U ^2ri X — 1 
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Therefore we have 

J2 diam((^(VF))" < (2C2)"p"'"" ^ diam(W^)". 

Since supp(5^„) C A„ C {\z\ < p"-iA-i/2} ^ {\z\ < p''+^-^}, so 

J2 diam(W^)" < Co diam(A„)" < Co(2p-2)"p(«+JV)a^ 

So, letting C3 := (2C2)"Co(2p-2)" we have 
^ diam(^(VK))" < C3P<^""^" and 

^ diam(^(W^))" < C3/(l - p"). 
weSiu.-.g-N 

□ 

7. Key Lemma. 

The purpose of this section is to prove the following lemma. 
Key Lemma. Let f be a rational map satisfying ExpShrink. Then for every m > 
there exists r > such that if {V , V) is a nice couple satisfying, 

(17) minmodfV^^ \ V^'^) > m and maxdiamfV^'^) < r, 

then the canonical induced map F : D V associated to (V, V) satisfies the 
following properties. 

1. We have HD{{J{f)\J{F))r\V) < HD{J{f)). In particular, for every c G 
we have HD{J{F) n V) = HD(J{f)). 

2. There exists a £ {0, HD(J{f))) such that 

diam(iy)" < +00, 

W c.c. of D 

where the sum is over all connected components W of D. 

After some preliminarily considerations in H7.ll we prove parts 1 and 2 of the 
Key Lemma in t l7.2l and in H7.3I respectively. 

7.1. Bad pull-backs. Let / be a rational map and let y be a nice set for /. For 

an integer n > 1 we will say that a connected component W of /^"(V) is a bad pull- 
back of V of order n, if /" is not univalent on W and if for every m = 1, . . . , n — 1 
such that f"''{W) C V, the map /™ is not univalent on the connected component 
of containing W. Note that every bad pull-back of V contains a critical 

point of / in 

The proof of the following lemma is similar to that of Lemma A.2 of jPRSlj . 

Lemma 7.1. Let f be a rational map and let V be a nice set for f . Let L > 1 
be the least integer such that for some c G 't^ we have f^{c) G V. Then for each 
positive integer n, there are at most (2L#'^^)^"/^ bad pull-backs ofV of order n. 
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Proof. 1. For a bad pull-back W oi V oi order n, let £{W) be the largest integer £ 
in {0, ... ,71 — 1} such that f^{W) intersects ^. The integer £{W) might be equal 
to 0. As y is a nice set we have C V and, as is a bad pull-back, the 

connected component of containing is a bad pull-back of V of order 

£(W). 

2. Fix an integer n > 1. For a given bad pull-back W of order n define a strictly 
decreasing sequence of integers (^o, • ■ • , ^fe)j by induction as follows. Define £o :— n 
and suppose that for some j > the integer £j is already defined and that we have 
f^i{W) C V. If £j = 0, then define k := j and stop. If £j > 0, then by induction 
hypothesis /^^ (W) is contained in V and therefore the connected component W' 
of f~^^{V) containing is a bad pull-back of V of order £j. Then define £j-^-l := 
i{W'). As remarked in part 1, in this case we have f^^+^{W) C f^^^^{W') C V, so 
the induction hypothesis is satisfied. 

3. To each bad pull-back of V of order n we associate a strictly decreasing sequence 
{£o, . . . , £k), as in part 2, so that £o — n and £k — 0. Note that for each j = 1, . . . ,k, 
the pull-back of V by f^j-^-^o containing /^^ {W) contains a critical point in As 
for each c & ^ and each integer m there are at most connected components 
of /^"'(V^*^) containing an element of it follows that there are at most (i^'yf )'^'^^ 
bad pull-backs of order n with the same associated sequence. 

On the other hand, by definition of L it follows that for every j — 1, . . . ,k we 
have £j^i — £j > L. So, k < n/L and for each integer m — 1, . . . ,n there is at most 
one integer r G {0, 1, . . . , L — 1} such that m -I- r is one of the £j. It follows that 
there are at most (L + 1)2"/^ such decreasing sequences. 

We conclude that the number of bad pull-backs of V of order n is at most, 

(#<r)'=+i(L + 1)2"/^ < (2L#<^)2"/-^. 

□ 

7.2. Proof of part 1 of the Key Lemma. Let / be a rational map satisfying 
condition ExpShrink with constants Aexp > 1 and tq > 0. We will show that part 1 
of the Key Lemma holds for every nice couple (V, V) for which maxcg'^ diam(y ) 
is sufficiently small. In fact, we will prove that for such a nice couple {V, V), we 
have 

(18) HD((Fn J(/))\i^) <HD(J(/)). 

As every inverse branch of F is Lipschitz, this implies that HD((J(/)\ J(F))ny) < 
HD(J(/)), as desired. 

Given a nice couple (V, V), denote by i?y the first return map to V and denote 
by J{Rv) the subset of V of those points for which Ry is defined for every integer 
n > 1. Equivalently, J{Rv) is the set of those points that return infinitely often 
to V under forward iteration of /. Note that J{F) C J{Rv) and that 

HD((y n J(/)) \ J{Rv)) < TiB{K{V) (1 J{f)). 

As / is uniformly expanding on K{V) n J(/) (this follows easily from condition 
ExpShrink), Lemma 16.21 implies that, 

HD((^ n J(/)) \ J{Rv)) < HD(J(/)). 
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So, the following lemma implies that H18|l holds for every nice couple {V, V) for 
which ina,Xc£'^ dia.m{V'^) is sufRciently small, by choosing e £ (0, HD( J(/))). 

For a given r > let L(r) > 1 be the smallest integer such that for some c € ^ 
the point f^^^\c) is at distance at most r from ^if. As our standing convention is 
that no critical point in "i^ is mapped to a critical point under forward iteration, 
we have that L(r) — )■ oo as r ^ 0. 

Lemma 7.2. Given e > choose r e (0, tq) sufficiently small so that 

(19) (2L(r)#^)2/^('-)A^^^ < 1. 

Then for every nice couple {V, V) such that maxcg";^ diam(y^) < r, the Hausdorff 
dimension of J{Rv) \ D is at most e. 

Proof. For a point z in J{Rv) \ D there are arbitrarily large integers n > \ such 
that f"{z) £ V. Moreover, for every such n the pull-back of to z by /" is not 
univalent. It follows that is a bad pull-back of V. So, if for n > 1 we denote by 
S)„ the collection of all bad pull-backs of V of order n, then for every no > 1 we 
have _ 

J{Rv) \ D C U„>„„ U^^^^ W. 

As, 

J2 diamiWy < (2i(r)#<^)2"/^('-)AE:;, 

M/6£>„ 

it follows from (|19|l that this sum is exponentially small with n. This implies the 
assertion of the lemma. □ 

7.3. Proof of part 2 of the Key Lemma. Let /, Aexp, ''o > and L{r) be as in 
the previous subsection. For c £ let d{c) > 1 be the local degree of / at c. Let 
m > be given and for an integer d > 2 let Ci(m, d) > be the constant given by 
Lemma 15.41 and put 

Ci(m) := maxCi(m, (i(c)). 
Let r £ (0, ro) be sufficiently small so that 

(20) (2i(r)(#<^))2/^WAE™^^^-^^^Ci(m)i/^M < 1. 

We will prove that part 2 of the Key Lemma holds for this choice of r. So let {V, V) 
be a nice couple satisfying, 

minmod(F'^ \ V) > m and maxdiam(V^'^) < r. 

Denote by Tly the collection of all connected components of C \ K{V) and let 
a £ (0, HDhyp(J(/))) be given by Proposition 16.11 so that ll^i^llc, < -l-oo (it is 
easy to see that the hypothesis of this proposition are satisfied for maps satisfying 
property ExpShrink). Taking a closer to HD(J(/)) — HDhyp(J(/)) if necessary, 
we assume that (|20|) holds with HD(J(/)) replaced by a. 

Recall that we denote by D the subset of V of those points having a good time, 
see Denote by S) the collection of the connected components of D. As F is a 
nice set, it is easy to see that every W £ Ti is a. pull-back of V and that for every 
z £ W we have m(z) = mw- 

Lemma 7.3. Let Do be the sub- collection of D of those W such that mw is the 
first return time ofW to V. Then ||2)o||q < -foo. 
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Proof. Let D'y be the sub-collection of !Dy of sets W' in Dy such that W is disjoint 

from the critical values of /. We have ||S)'ylL - II^V'Hq < +0° and J)o C 

Then the assertion of the lemma follows from Lemma [5.41 applied to h := f. □ 

Lemma 7.4. 

1. Every € S) \ is contained in a bad pull-back W of V such that 

< mw and that f"^w(W) G Dq- 

2. For every bad pull-back W ofV, the collection X)^ of allW ^ 1) contained 
in W and such that € So? satisfies, 

||2)^||^<C7i(mr-/^W||I)o|L. 

Proof. 1. Let W € 23 \ S)o be given and let n be the largest integer in {0, ... , mw — 
1} such that f^{W) intersects V. We have n > because by assumption W ^ So- 
Then W :— /"(VF) C V and, as /™»' is univalent on we have that /™»" is 
univalent on W . Moreover, by maximality of n it follows that coincides with 

the first return map to V on W' , so that W' G Dq. To finish the proof is enough 
to show that the pull-back of by /" containing W is bad. If W is not a bad 
pull-back of V, then there is to < to^ — n < mw such that C V and such 

that the pull-back of V by /™ containing W is univalent. But this contradicts the 
fact that is a connected component of D. 

2. We keep the notation of parts 1 and 2 of the proof of Lemma [7. II Note that 
we have £q = and for each j = I, . . . , k we have ij-i — £j > L{r), so that k < 

m^/L{r). For each j — Q, . . . ,k denote by Cj the critical point such that /^^ {W) C 
V"^ and let Uj be the connected component oi f~^^i~^i+^^(y'^j ) containing Cj+i. It 
follows that hj : Uj defined by hj := /^^~^^+H(7 a- unicritical map with 

critical point Cj+i and degree d{cj+i). 

Define families ^0, . . . oi pull-backs of V inductively as follows. Put ^0 := Da 
and for j = 0, . . . , fc — 1 suppose that the family is already defined and that 
supp(S^j) C f'^^ (W) C V''^ . Let be the sub-family of of those W such that W 
is disjoint from hj(cjj^i) and define 

Clearly supp(S^j+i) C Uj C V^^+^ C so the induction hypothesis is satisfied. 

It is easy to see that = '^w' prove the assertion of the lemma, note 
that the family is m-shielded by the family '^'j — \W\WG'^'j\ and that by 
definition of S^j+i we have /i(cj+i) ^ supp(5^^ ). Moreover, by induction in j we have 
that supp(iJj) C V^^ . So Lemma 15 . 41 implies that 

< Ci(m,d(c,+i))|l;?,|l^ < Ci(m)|!5jlL. 

Therefore we have, 

□ 

To prove part 2 of the Key Lemma, note that by part 1 of Lemma 17.41 we have 

S = So U (U^D^), 
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where the union is over all bad pull-backs W of V. Let n > 1 be an integer and let 
be a bad pull-back of order n. Then we have diam(VF) < X^^^. By part 2 of 
Lemma 17.41 and by Lemma 15.11 we have 

53 diam(W^)" < 4"AE,7Ci(m)"/^M|lDo|U. 

As the number of bad pull-backs of order n is bounded by (2L(r)(#'^^))^"/^'^''\ 
letting 

we have 

^ J2 diam(W^)"<4VI|SolL, 
w wev^ 

where the sum is over all bad pull-backs of F of order n. Recall that we have 
chosen r > sufficiently small and a sufficiently close to HD(J(/)), so that H2()|l 
is satisfied with HD(J(/)) replaced by a. As a G (0,HD(J(/))) it follows that 
7] e (0, 1) and that, 

diam(M^r < 4"(1 - v)~'\\^oL < 

8. CONFORMAL AND INVARIANT MEASURES. 

In this section we prove the main results of this paper. 

8.1. Proof of theorem Let / be a rational map satisfying the ExpShrink 
condition with constant Aexp > 1, and let A € (1,Aexp) and m > be given. 
Let r > be given by the Key Lemma for this choice of m and let {V, V) be a 
nice couple for / given by Theorem |e1 for this choice of A, m and r. It follows 
that the nice couple {V, V) satisfies the conclusions of the Key Lemma. Reducing 
r > if necessary, we assume that the canonical induced map associated to {V, V) 
is topologically mixing ('Lemma l4.1|l . Then Theorem ^ is a direct consequence of 
Theorem|2in Appendix IbI and of the fact that the equality a{f ) = HD( J(/)) holds 
for maps satisfying ExpShrink, see jPr5| . 

8.2. Proof of theorems IHl and O The uniqueness part of Theorem ^ follows 
from Proposition IB. II and from the fact that the unique conformal probability 
measure of minimal exponent of / is supported on the conical Julia set (Theorem^ . 
All the remaining statements will be obtained from some results of Young jY2 l , that 
we recall now. 

Let (Ao,;Bo,mo) be a measurable space and let To : Aq — > Aq be a measurable 
map for which there is a countable partition of Aq, such that for each element A' 
of the map To : A' — > Aq is a bijection. Moreover we assume that the partition 
3^0 generates, in the sense that each element of the partition V5^o^o~""^o is a 
singleton. It follows that for every pair of points x,y G Aq there is a non negative 
integer s, such that Tq{x) and TJ(?/) belong to different elements of the partition 
jS^q. We denote by SQ{x,y) the least of such integers s and call it the separation 
time of X and y. 

We assume furthermore that for each element A' of the map (TqIa')"^ is 
measurable and that the Jacobian Jac(ro) of Tq is well defined and positive on a 
set of full measure of Aq. Moreover, we require that there are constants C > and 
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(3 e (0, 1), such that for ahiiost every x, y £ Aq that belong to the same element of 
0^0, we have 

|Jac(To)(:E)/ Jac(To)(y) - 1| < C/3^o(To(.),Toto))^ 

Let i? be a measurable function defined on Aq, taking positive integer values 
and that is constant on each element of S^q. Moreover we assume that the greatest 
common divisor of the values of R is equal to 1. Then put, 

A = {(z, n) e Ao X {0, 1, . . .} I n < R{z)}, 

and endow A with the measure m, such that for each n — 0, 1, . . . its restriction 
to A„ :— {{z,n) \ z g Aq, {z,n) £ A} is equal to the pull-back of mo by the map 
(z, n) I— > z. Moreover we define the map T : A — > A by 

^^f(2,^+l) ifn+l<i?(z) 
^^'""^ \{To{z),0) ifn+l = R{z). 

Recall that exponential mixing and Central Limit Theorem were defined in t|1.3l 

Theorem (L.-S. Young Y2 ). With the previous considerations, the following prop- 
erties hold. 

1. // J Rdmo < +00, then the map T : A ^ A admits an invariant probability 
measure p that is that is absolutely continuous with respect to m. Moreover, 
the measure p is ergodic, mixing, and its density with respect to m is almost 
everywhere bounded from below by a positive constant. 

2. If mo {{z G Aq I R{z) > m}) decreases exponentially fast with m, then the 
measure p is exponentially mixing and the Central Limit Theorem holds 
for p. 

We will also need the following general lemma, whose proof is below. 

Lemma 8.1. Let f be a rational map and let {V,V) be a nice couple for f such 
that the corresponding canonical induced map F : D ^ V satisfies the conclusions 
of the Key Lemma. Given c G let F : D be the first return map of F to 

and denote by J{F) the maximal invariant set of F. Then we have, 

HD{{J{f) n n \ J{F)) < HD{J{f)), 

HD{J{f) \Un>o f''"-{J{F))) < HD{J{f)) and there is a e {0,HD{J{f))) such that, 

(21) di&m{Wf < +00. 

W c.c. of b 

To prove theorems |B] and |0 let / be a rational map satisfying the ExpShrink 
condition and let p be the conformal probability measure of exponent a{f) = 
HD(J(/)) for /, given by Theorem IXI so that p is supported on the conical Julia 
set of / and HD(/x) — HD(J(/)). We will use several times that the measure p 
does not charge sets whose Hausdorff dimension is strictly less than HD(J(/)). To 
see this, suppose by contradiction that there is a set X such that p{X) > and 
HD(X) < HD(J(/)). Then the set Y = U„>o/"(X) has full measure with respect 
to p (Proposition EH) and we have that HD(r) = HD(X) < HD(J(/)). But this 
contradicts HD(^) = HD(J(/)). 

Let {V, V) be a nice couple for / satisfying the conclusions of Lemma I^Tl Theo- 
remlEland of the Key Lemma, as in the proof of TheoremElin El Let F : D ^ V 
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be the canonical induced map associated to {V, V). Moreover, let c G be given 
by Lemma [4. II and let F : D ^ be the first return map F to V^. We denote by 
R the return time function of F with respect to /, so that F = on D. 

Put Ao = J(F), mo =ii\j^py To = F\j^p^ and = {WnJ{F) \ W c.c. of i5}. 

Notice that the measure mo is non-zero, because RD{{J{F)nV'')\J{F)) < HD( J(/)) 
fLemma l8.1|l and hence ^{J{F)) — ^{J{F) n V^) > 0. We will now verify that all 
the hypothesis of Young's theorem are verified for this choice of Aq, Tq, ^nd R. 

First notice that F is an induced map of / in the sense of Appendix Hence, 
the bounded distortion property and the fact that the partition ^o is generating 
for To = ^lj(F)' follow from ijA.ll On the other hand, the final statement of 
Lemma 14.11 implies that the greatest common divisor of the values of R is equal 
to 1. It remains to prove the "tail estimate" in part 2 of Young's theorem. By the 
bounded distortion property of F, it follows that there is a constant Co > 1 such 
that for every connected component of D we have 

Co-Miam(M^)"(^) < n{W) < Co diam(W^)"(-^). 

Note that for each connected component W of D and for every z G W we have 
R{z) = mw- Moreover, since for each z £ D we have > A™*^^-' it follows that 

for every connected component W ot Dwe have that diam(W^) < A^™"' diam(y^(^^) 
As 5? < HD(J(/)) — a{f), for each positive integer m we have 

^l{{z e D I R{z) > m}) = ^(^) 

W c.c. D ,mw>m 

< Co J2 diam(iy)"(^) 

W c.c. Z),mvi^>m 

< Ci (A-("(/)-"))'"«' diam(W^)" 

W c.c. D ^miv^fn 

< Ci(A-("(-^)""')" J2 diam(W^)", 

W c.c. D 

where Ci := Cq (maxcg<;^' diam(y ))"^''^'' By H21fl it follows that there is a con- 
stant C2 > such that, letting = g (0, 1), we have 

fi{{z e D I R(z) > m}) < C26'". 

Thus we have verified all the hypothesis of Young's theorem. Let p be the 
invariant measure given by Young's theorem and consider the projection tt : A — s- C 
defined by n{z, n) = f^{z). We have f o tt — n o T and therefore the measure 7r*p 
is invariant by /, it is exponentially mixing and the Central Limit Theorem holds 
for this measure. It remains to show that this measure is absolutely continuous 
with respect to fj, and that its density is almost everywhere bounded from below by 
a positive constant. First notice that by definition of m we have /(^)x{o} ~ 
l^\j{F) ^^'^ that for every connected component W ot D and every n G {0, . . . , mw — 
1} the measure 

is absolutely continuous with respect to /i, with density Jw,n ■— |(/")'|~" on 
f^(W), and in the rest of C. When we sum these measures over all possible 
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W and n, we obtain a series of measures X^WnA'H',"? that converges to 7r»m as 
linear functionals on continuous functions defined on J(/). If u : J{f) — ^ M is the 
constant function equal to 1, then by the Monotone Convergence Theorem we have, 

+00 > 7r*m(J(/)) = ^ JiY^ndfi= / Jw,n dfi. 

Hence the function X^wn'^M'," /i-integrable. Using the Monotone Convergence 
Theorem again we have that for every continuous function u : J{f) — s- K, 



J udn^m — ^ J udfj,w,n — ^ ^ 



uJw,n dfj, 



W,n " W,n • 



W,n " W,n 

Thus, it follows that -K^m is absolutely continuous with respect to ^, with density 

As p is absolutely continuous with respect to m, we have that 7r*p is absolutely 
continuous with respect to p,. Let h be the density of 7r,/3 with respect to /i. Since 
7i'otTi| j(^)x{o} ~ /^l j(f')' follows by Young's theorem that there is a constant c > 0, 
such that we have h> c almost everywhere on J{F). As ^{V'^\J{F)) — (because 
the Hausdorff dimension of this set is strictly less than that of it follows that 

we have h > c almost everywhere on V^. Let iV be a positive integer such that 
J(/) C f'^iV'^). By the invariance of fi, for almost every z G J(/) we have 

h{z)= Yl M2/)i(D'(y)r"^-^'>cUupi(n'i 

f«(v)=z \ C / 

This finishes the proof of theorems IbI and ICl 

Remark 8.2. When contains exactly one element Lemma [8.11 is not necessary, 
because in this case F = F. When contains more than one element we cannot 
apply Young's theorem directly to Aq = J(F), Tq = F and = {W n J(F) | 
W c.c. of D}, because in this case the image by F of an element of ^0 is of the 
form V^'^ n Aq, for some c S and it is not equal to Aq. However Young's theorem 
extends to this more general setting, as shown in TT, Theoreme 2.3.6 and Remarque 
2.3.7] or PMI Theorem 1.1], and we can also apply this more general result directly 
to F. 

Proof of Lemma no Let G be the restriction of F to {D\V'^)\F-'^(y'^) and notice 
that G is an induced map of / in the sense of Appendix ^ As F is topologically 
mixing fLemma l4.1|) . the domain of G is strictly smaller than D\V'^ and therefore 
we have that HD(J(G)) < HD( J(F)) |MTT2l Theorem 4.7, p. 134]. It is easy to see 
that the set {J{F) n V^) \ J{F) is equal to the preimage of J{G) by F\ys. As each 
inverse branch of F is Lipschitz, it follows that 

HD((J(F) n V~^) \ J{F)) < HD( J(G)) < HD(J(F)) = HD(J(/)) 

and that HD((J(/)nV^^) < HD(J(/)). As Hp( J(/)nA'(F)) < HD(J(/)) (LemmaEl, 
it also follows that HD(J(/) \ U„>o/-"( J(F))) < HD(J(/)). 

As by hypothesis F satisfies the conclusions of the Key Lemma, it follows that the 
pressure function of F is finite at a and that it vanishes at HD( J(F)) = HD( J(/)). 
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Thus, the pressure function of G is finite at a, and from the inequahty HD( J(G)) < 
HD( J(F)) it follows that the pressure function of G is negative at HD( J(F)). Thus 
there is 5 € (a,HD(J(/))) where the pressure function of G is negative. 

Let D' be the subset of D of all those points z for which there is a positive 
integer m such that F™ is defined at z and such that F™(z) g V^. For each z E D' 
we denote by m'{z) the least value of such m, so that F = F™ on D. Note that 
D' nV^ = D. The function m' is constant on each connected component of D' . For 
a connected component W of D' we denote by the common value of m' on W^. 
If is a connected component of D' such that m'^r = 1, then F{W) — V^. In the 
case m'yy > 1, the set F{W) is a connected component of D' and — m'^^ — 1. 

For each c £ "^Xlc} fix a point Zc G T^^. Thus, if we denote by Co > the distortion 
constant of F, then we have 



J2 diam(W)° < Co" J2 diam(W)^ 



W c.c. of D'XV \W c.c. of D'XV 



EE E 

ym>lceC\{?;}aG(G)-'"(zc) 

Note that the first factor is finite by part 2 of the Key Lemma and that the second 
factor is finite because the pressure function of C is negative at a. Now, if W is 
a connected component of D that is contained in and whose image by F is not 
equal to V^, then we have F{W' D D) = D' n V'-^"^ and the sum, 

diam{Wf 

W c.c. of wnD 
is less than a distortion constant times, 

diam(VK')" • E diam(I^)" 

\W c.c. of D'nV'.^'^') 

Then the estimate (I21II follows from part 2 of the Key Lemma. □ 

8.3. Proof of Theorem El Let / be a rational map having an exponentially mix- 
ing invariant measure v, that is absolutely continuous with respect to a conformal 
invariant measure /i of /. Moreover we assume that there is a constant c > such 
that the density of ly with respect to is almost everywhere larger than c. 

We will show that there is a constant A > 1, such that for every positive integer n 
and every repeUing periodic point p of / of period n we have > A". 

By |PRSlj this last property is equivalent to the TCE condition, so this proves the 
theorem. 

As ly is exponentially mixing, there are constants C > and p € (0, 1) such that 
for every continuous function tp : J{f) M, every Lipschitz function tp : J{f) — > M 
and every positive integer n we have^ Let n be a positive integer and let p be a 
repelling periodic point of / of period n. Let be a local inverse of /" at p that 
fixes p. Let r > be sufficiently small such that </> is defined on the ball B{p,r) 
and such that (j){B{p, r)) C B{p, r). 
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By the Fatou-SuUivan classification of connected components of the Fatou set |B 
ICGIIMi| . is easy to see that ly, and hence /i, is supported on the Juha set of /. There- 
fore the topological support of /i, and hence of i/, is equal to the Julia set of /. It 
follows that there is e > such that v{B{p,r) \ B{p,er)) > 0. Thus there is a 
bounded and measurable function (p that is constant equal to 1 on B{p, er), that is 
constant equal to outside of B{p, r) and such that / Lpdv — 0. 

By Koebe Distortion Theorem there is a constant rj > 1 such that for every 
positive integer k there is r' > such that, 

77-V|(r")'(p)ri<r'<77r|(/'=")'(p)|-i), 

and 

B{py) d cj)\B{p,er)) C B{p,i^r'). 
By the conformality of ^ it also follows that, if we denote by a the exponent of /x, 
we can take 77 > 1 large enough so that ii{B{p, ■^r')) > ?7~^|(/''")'(p)|~"- For such k 
and r', let tp : J{f) ^ R be a Lipschitz function that is equal to outside B{p,r'), 
that is positive on B{p,r'), and that is equal to 1 on B{p, ^r'). Moreover, we can 
take such a in such way that for some constant C" > independent of k we have 
Mup < C'|(/'=")'(p)|. It follows that 



{(fi o /") • tpdv — / (fidv / tpdv 



(ipon-ijdu 



> 



> u{B{p, ir')) > c^,{B{p, ir')) > c,7-'l(/'")'(p)r"- 
Then, the inequality 1^ implies that, 

< c-'vC ■ (^sup 1^1^ • ll^llLip • < C"\{f-)'{p)\p^-, 
where C" = c^^rjC ■ ^^supj^y) \tp\j C . Thus we have, 

i(r)'(p)i'-i(/'")'(p)i>c" (p~T+^ 



I \ kr, 



1 



As this holds for every positive integer k, it follows that > yp 

]_ 

This shows the desired assertion with X := p i+" . 

8.4. Characterizations of the invariant measure. The purpose of this subsec- 
tion is to prove the following proposition. 

Proposition 8.3. For a rational map f satisfying the TCE condition, the mea- 
sure given by Theorem\^is the unique invariant measure supported on J{f) whose 
Hausdorff dimension is equal to HD{J{f)). 

Before the proof of this proposition we consider the following corollary. For an 
invariant measure v we will denote by hi, its metric entropy and by ■= / l/'M^ 
its Lyapunov exponent. An /-invariant probability measure is called an equilibrium 
state with potential — J(/)) In |/'| of /, if it is supported on J{f) and if it 
maximizes 

(22) h, + J -HD(J(/)) In \f'\d,y = K- HD(J(/))x., 
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among all /-invariant probability measures v that are supported on J(/). 

Corollary 8.4. For a rational map f satisfying the TCE condition, the measure 
given by Theorem^^is the unique equilibrium state with potential ~HD{J{f)) In |/'| 
off. 

Proof. When / satisfies the TCE condition, the supremum of H22|l is equal to |Pr5l 
IPRS2| . Thus, in this case an invariant probability measure v is an equilibrium state 
with potential — HD(J(/)) In |/'| of /, if and only if i/ is supported on J(/) and if 
/i, = HD(J(/)) • X.. 

Let v be an /-invariant measure supported on J(/), and consider its ergodic 
decomposition v — j V(^dv{£). As / satisfies the TCE condition, for each ^ the 
Lyapunov exponent of is positive [PRSlj and therefore h^^/xv^ — HD(t'j) [Mahel 
IFn| . Thus we have 

and we conclude that an invariant measure is an equilibrium state of / with po- 
tential — HD( J(/)) In l/'l, if and only if the Hausdorff dimension of almost every 
ergodic component is equal to HD(J(/)). 

As the conformal probability measure of minimal exponent of / has Hausdorff 
dimension equal to HD(J(/)) (Theorem^), it follows that the Hausdorff dimension 
of the measure given by Theorem IbI is equal to HD(J(/)). As this measure is 
ergodic, it follows that it is an equilibrium state with potential — HD( J(/)) In |/'| 
of /. The uniqueness follows from Proposition l8.3l □ 

Proof of Provosition \S.,'A We keep the considerations and notation of the proof of 
theorems El and EJ Recall that the measure given by Theorem |B] was obtained as 
the projection by tt of a T-invariant measure supported on A. The restriction of this 
measure to J{F) x {0} ^ JiF) is a F-invariant measure whose Hausdorff dimension 
is equal to HD(J(/)). By Theorem^in Appendix fXl there is a unique i^-invariant 
probability measure whose Hausdorff dimension is equal to HD(J(F)) = HD(J(/)). 
Thus, we just need to show that if v is an ergodic /-invariant measure supported 
on the Julia set of J(/) whose Hausdorff dimension is equal to HD(J(/)), then 
v is obtained from an i^-invariant measure whose Hausdorff dimension equal to 
HD(J(/)), in the same way as it was described above. 

If v is an ergodic / invariant measure whose Hausdorff dimension is equal to 
HD(J(/)), then Lemma IHH implies that i/ is supported on U„>o/^"( J(-F)). Thus 
we have v{J{F)) > and by |Zw| there is an i^-invariant measure poi which is 
absolutely continuous with respect to v and such that v is obtained by first ex- 
tending po to a T-invariant measure on A, and then by projecting it by tt. As po 
is absolutely continuous with respect to v it follows that the Hausdorff dimension 
of Pa is equal to HD(J(/)) = HD(J(T)). This completes the proof. □ 

Appendix A. Induced maps. 

In this appendix we study a class of induced maps of a given rational map. We 
show in particular that these maps fall into the category of maps studied in jMUlj , 
and gather in Theorem ^ several results of this book. 

Throughout all this section we fix a rational map /. 
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A.l. Definition and general properties of induced maps. Recall that for a 
nice set V = Uce'^V for / and for each pull-back W of V, we denote by c{W) S ^ 
the critical point and by mw > the integer such that /™»' (W) = V'''-^\ see 
Moreover, if {V, V) is a nice couple for /, then for each pull-back Vt^ of y we denote 
by W the unique pull-back of V that contains W and such that niy^^ — mw- 

Definition A.l. Let / be a rational map and let {V,V) be a nice couple for /. 
We will say that a map F : D ^ V, with 13 C T^, is induced by /, if the following 
properties hold: Each connected component W of D is a pull-back of V and we 
have F\w = f'^^lw and /™"' is univalent on W. 

It is straightforward to check that every induced map satisfies the following 
properties. 

(11) Markov property. For every connected component W of D, the map F\w 
is a biholomorphism between W and V'^^^\ 

(12) Univalent extension. For each c € and for every connected component W 
of D satisfying c(W) — c, the inverse of F\w extends to a biholomorphism 
between and W. 

(13) Strong Separation. The connected components of D have pairwise disjoint 
closures. 

Denote by S the collection of connected components of D and for each c G 'rf 
denote by D'^ the collection of all elements of J) contained in V^, so that S) = 
Ucg'ig'S)'^. A word on the alphabet S will be called admissible if for every pair of 
consecutive letters W,W' e !D we have W £ ). For a given integer n > 1 

we denote by the collection of all admissible words of length n and we set 
E* = U„>ii?"'. Moreover we denote by E°° the collection of all infinite admissible 
words of the form W1W2 .... Given an integer n > 1 and an infinite word W_ — 
W1W2... e E°^- or a finite word W ^ Wi . . .Wm £ E* of length m > n, put 

W\n = Wl...Wn. 

Given W £ Ti, denote by (j)w the holomorphic extension to , of the inverse 

of F\\Y, that is given by property (I2). For a finite word W_ — Wi . . . Wn G E* put 
c(W) :— c{Wn). Note that the composition 

4>W ■= 4>Wi o . . . o 

is well defined and univalent on V'^'^^ and takes images into V . Moreover, put 

D^:^ (f)wiy''), Dw (t^wiV") and Aw-^Dw\Dw- 

Note that Aw is an annulus of the same modulus as the annulus T/"^*^— ' \ V^^^^i 
and that, when W_:^W £ D, we have Dw = W and Dw = W. 

Bounded distortion. For each W_ G E* the map (j)w is defined and univalent on 
yciw) ^ Jt follows by Koebe Distortion Theorem that the distortion of (j)w on 
y^iWJ ig bounded independently of W_. 

Given n > note that the map F" is well defined on UweE'^Dw- Moreover, for 
each W_ € E" the restriction of F to Dw is equal the inverse of 4>w on this set. It 
follows that the distortion of F"- on each Dw is bounded independently of n and 
ofW. ~ 
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Expansion. For each c £ endow V with the corresponding hyperbohc metric. 
The restriction of this metric to is comparable to the spherical metric on C. 
By Schwarz-Pick Lemma it follows that for each W G T) the holomorphic map 
(jyw ■ t^"^^^-* V decreases the hyperbolic metric by a factor s S (0, 1), independent 
of c and W. So there is a constant Cd > such that for every finite word W_ E E" 
the spherical diameter of Dw is at most Cd ■ s"- 

Maximal invariant set. For every infinite word W_ G E°° and every n > 1, we have 

Dw\r,+i ^ ^wjr, diam(L'^y|_J < Cd ■ s"- 

It follows that the intersection n„>i£'vi^|^ is a singleton. We denote the cor- 
responding point by Tr(W). So tt defines a map from E°° to C; we denote by 
J{F) := Tr{E°°) the image of tt. Note that the set J{F) is equal to the maximal 
invariant set of F. 

It follows from condition (I3) that for every integer n > 1 and for distinct W, W S 
i?", the closure of the sets Dw and -Dh" are disjoint. Therefore tt induces a bijection 
between E°° and J(F). ~ ~ 

The following technical property is important to use the results of jMUl| . 

Proposition A. 2. Every induced map satisfies the following property 

(I4) There is a constant Cm > such that for every k G (0, 1) and every ball B 
of<C, the following property holds. Every collection of pairwise disjoint sets 
of the form Dw , with W_E E* , intersecting B and with diameter at least 
K ■ diam(_B), has cardinality at most Cmi^ "^- 

The proof of this proposition is based on the following lemma. 

Lemma A. 3. Let f by a rational map and let F : D ^ V be a map induced by f . 
Then the following properties hold. 

1. There exists a constant Co > such that if W_ and W_' G E* are such that 
Dw and Dw' disjoint, then 

dist{Dw' , Dw) < Co • diam{Dw) , implies Dw' C Aw- 

2. Let B be a ball. Then for every pair W, W' G E* such that the sets Dw 
and Dw' are disjoint and intersect B, we have either 

d\a.Tii{Dw) < Cq"^ diam(_B) or diam(_Dvi'') < Cq"^ diam(_B). 

Proof. 

1. Observe that for every W_ E E* the set Aw is an annulus whose modulus is at 
least 

min mod (V" \ T^) > 0. 

It follows that there is a constant Co > such that every point whose distance to 
Dw_ is at most Cq • diam{Dw) is contained in Dw_. So, if W' is an element of E* 
such that Dw' is disjoint from Dw and at distance at most Cq • diam(Dty) from 
Dw, then Dw' intersects Dw- As the sets Dw' and Dw are both pull-backs of V, 
it follows that in this case we have IDw' C Dw_ \ Dw_ = Aw_- 

2. Assume by contradiction that there are such W_ and W' in E* for which 
diani{Dw_) and diam{Dw') are both bigger than or equal to Cq^ diam(i3). Then 

dist{Dw, Dw') < diam(_B) < Co • min {diam(Z?vt/), diam(I?vi^/)} , 
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and part 1 implies that Dw C A^y' and that D^^' C Aw- So we get a contradiction 
that proves the assertion. □ 

Proof of Provosition \A."A By the bounded distortion property there is a constant 
C > such that for every E* we have 

km&iDw) > <li&m{Dwf. 

Taking C larger if necessary we assume that for every ball B in C we have Area(i?) < 
Cdiam(B)2. 

To prove property (I4) let n E (0,1) and let S be a ball. Moreover let ^ he a 
finite collection of elements of E* , such that the sets Dw, for W_ G ^, are pairwise 
disjoint and such that for every W_ G ^ we have dia,m{Dw) > k ■ diam(i3). It 
follows that for every W^G ^ we have Aiea{Dw) > C^^k^ ■ dmm{Dw) ■ By part 2 
of Lemma IA.3I it follows that there is at most one element W_ ^ such that 
diain{Dw) > Cq^ diam(i3). Let B be the ball with the same center as B and with 
radius equal to Cq^ diam(i?). So for every _M£ e 5' we have Dw C B, with at most 
one exception. Therefore 

< 1 + Arca(i?) /(C~^K^ • diam(B)2) 

< 1 + ACq^C^k-^ < (1 + 4C^^C^)k-^. 

□ 

A. 2. Pressure function. Fix an induced map F : D ^ V oi f. Then for t > 
we define 

Z„(S),<):- ^ {sup{\q^'wiz)\\zGV^^^^}y . 

The proof of the following lemma is standard, see for example lemmas 2.1.1 and 2.1.2 
of pT72] . 

Lemma A. 4. For every t>0 the sequence (In Z„(X', i)),i>i is sub-additive and 
P{t):= lim ilnZ„(S),t)-inf{ilnZ„(S),<) |n>l}. 

The function P : [0, +00) — > [—00, +cx)] so defined is called the pressure function. 
It is easy to see that for every t > the sequence (^ In Z„(£), i))„>i is uniformly 
bounded from below. In particular the function P(S, •) does not take the value 
—00. Note however that if D is infinite, then P(0) = +00. 

The proof of the following lemma is straightforward. 

Lemma A. 5. Put 9{F) :— inf{t > | P{t) < +00}. Then the pressure function P 
is finite, continuous and strictly decreasing to —00 on {6(F), +00). 

It follows from this lemma that there is at most one value of i > for which the 
pressure function P vanishes. Following the terminology of MU2: we say that F is 
strongly regular if there is t > 0{F) at which P vanishes. 

A. 3. Conformal measures. Fix an induced map F : D V oi f. For a given 
t > 0, a finite Borel measure /i will be called conformal with exponent t for F, if fi 
is supported on J{F) and if for every W G 'D and every Borel set U contained in 
W, we have 

fi{F{U)) = / df,. 
Ju 
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In the following theorem we gather several results of jMU2j , applied to our particular 
setting. 

Theorem 1 f |MU2| 'l. Let F be a topologically mixing and strongly regular induced 
map and let h > be the unique zero of the pressure function of F. Then h = 
HD{J{F)), there is a unique conformal probability measure fi of exponent h for 
F and this measure satisfies HD{^) ~ HD{J{f)). Furthermore, there is a unique 
invariant probability measure p of F that is absolutely continuous with respect to fi 
and this measure is also characterized as the unique F -invariant probability measure 
satisfying HD{p) = h. 

Proof. The collection of maps $ — {(pw I W G S)} is a Conformal Graph Directed 
Markov System {CGDMS for short), as defined in §4.2 of jMlJ2j . except for the 
fact that the Cone Condition (4d) of jMU2j is replaced here by the weaker condi- 
tion (I4). All the results we use from |MU2| only require this weaker condition, as 
it is explained below. Moreover note that the hypothesis that F is topologically 
mixing easily implies that $ is finitely primitive in the sense of |MU2| . 

The equality h = HD(J(F)) is given by Theorem 4.2.13 of |MU2] . In the proof 
of this result the Cone Condition is only used to guaranty that the conclusion of 
Lemma 4.2.6 holds. But the conclusion of this last lemma is our condition (I4). 

Theorem 4.2.9 of |MU2| implies that there is a conformal measure /z of expo- 
nent h for F. Observe that in the proof of Theorem 4.2.9 of |MU2j the Cone 
Condition is only used to prove that the CGDMS in question is conformal-like 
(Proposition 4.2.7 of |MU2p . But this is an immediate consequence of the Strong 
Separation Condition (I3) (notice that our condition (I3) is stronger than the Open 
Set Condition (4b) of MUZ^ .) 

The existence and uniqueness of the absolutely continuous invariant measure 
is given by theorems 6.1.2 and 6.1.3 of |MU2| . Although these results are stated 
for Conformal Iterated Functions Systems, they apply equally well to CGDMS 
and to Markov maps. Finally the equalities IID(/i) — IID(p) — h are given by 
Corollary 4.4.6 of ' MU2j . As before, in the proof of these results the Cone Condition 
is only used to guarantee that the conclusion of Lemma 4.2.6 holds. □ 

Appendix B. Conformal measures via inducing. 

Fix throughout all this section a rational map / and a nice couple {V, V) for /. In 
this appendix we study the conformal measures of /, through the canonical induced 
map F associated to (y, V). In particular we give a sufficient condition on F, for / 
to have a conformal measure supported on the conical Julia set. See ijB.ll and ^B.2\ 
for the definition of conformal measure and of conical Julia set, respectively. 

This appendix is dedicated to the proof of the following result. See ^B.ll for the 
definition of a(f). 

Theorem 2. Let f be a rational map of degree at least 2, let {V, V) a nice couple 
for f and let F : D ^ V the canonical induced map associated to {V, V). Assume 
that F is topologically mixing and that the following properties hold. 

1. For every ce'^ we have HD{J{F) n V) ^ a{f). 

2. There is a £ (0, a{f j) such that 

(23) diam(iy)" < +00. 

W c.c. of D 
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Then the canonical induced map F is strongly regular in the sense of jMUl| and 
there is a unique conformal probability measure of exponent a{f) for f . Moreover 
this measure is non-atomic, ergodic, its Hausdorff dimension is equal to a(f) and 
it is supported on the conical Julia set of f . 

Observe that J{F) is clearly contained in the conical Julia set Jcon(/) of /. 
In inniEni it is shown that a{f) = HD(Jcon(/)) (see also IMcM) ). so by the 

inclusion J{F) C Jcon(/), we have 

HD(J(F))<HD(Jeon(/)) 

So the first hypothesis of the theorem requires, in fact, that for each c E the 
Hausdorff dimension of J{F) n is as large as possible 

B.l. Conformal measures. For a given i > 0, we say that a non zero Borel 
measure /z is conformal of exponent t for /, if for every Borel subset U oi C where 
/ is injective, we have 

Ju 

By the locally eventually onto property it is easy to see that if the topological 
support of a conformal measure is contained in the Julia set J{f) of /, then the 
support is in fact equal to J(/). Note that a conformal measure of exponent t = 
must be supported on the exceptional set of /. So the exponent of a conformal 
measure supported on J{f) is positive. 

It was shown by Sullivan that every rational map admits a conformal measure 
supported on the Julia set |Su| . So the infimum, 

a{f) := mi{t > | there exists a 

conformal measure of exponent t supported on J(/)} 

is well defined and is easy to see that it is realized. It follows that a{t) is positive, 
as there is no conformal measure of exponent t = supported on the Julia set. 

B.2. The conical Julia set and sub-conformal measures. The conical Julia 
set of /, denoted by Jcon(/), is by definition the set of all those points x in J(/) for 
which there exists p{x) > and arbitrarily large positive integers n, such that the 
pull-back of the ball B{f '"-{x), p{x)) to x by /" is univalent. This set is also called 
radial Julia set. 

We will need the following general result, which is a strengthened version of mm 
Theorem 5.1], [DMNUL Theorem 1.2], with the same proof. Given t > we will 
say that a Borel measure /i is sub-conformal of exponent t for /, if for every subset 
[/ of C on which / is injective we have 

(24) / \frdfi<Kfm. 

Ju 

Proposition B.l. If fi is a sub-conformal measure for f supported on Jconif), 
whose exponent is at least a{f), then p, is conformal of exponent a{f) and every 
other conformal measure of exponent a{f) is proportional to pi. Moreover pi is 
non-atomic and every subset X of <C such that f{X) C X and pi{X) > 0, has full 
measure with respect to pi. In particular fi admits at most one absolutely continuous 
invariant probability measure. 
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B.3. Induced maps and conformal measures. For a nice set V for / denote 
by Rv the first return map to V. 

Proposition B.2. Let F be the canonical induced map associated to a nice couple 
{V,V) for f. Then every conformal measure of F of exponent greater or equal 
than a(f) is the restriction toV of a conformal measure of f supported on Jcon{f)- 
Moreover these measures have the same Hausdorff dimension. 

Tlie proof of this proposition is provided below, it depends on some lemmas. Fix 
a nice couple {V , V) for / and denote hy F : D V the canonical induced map 
associated to it. 

Lemma B.3. Denote by S)y the collection of connected components of C \ K{V) 
and for W G Dy denote by <j)w ■ V'^^^^ — > W the inverse of f™'^'''\^. Given a 
conformal measure /i for F of exponent t, for each W € let fiw the measure 
supported on W, defined by 



this measure is finite. 

Proof. Clearly J{F) C Jcon(/), so fi and each of the measures fiw, for W G Dv is 
supported on Jcon(/). To prove the second assertion, let /2 be a conformal measure 
for / of exponent cx{f). It follows by Koebe distortion property that for every 
W eDv we have Jl{W) - diam(T^)"(/) and ^lw{C) ~ diam(M^)*. When t > a{f), 
it follows that the measure X^weSv finite. □ 

Lemma B.4. The canonical induced map F satisfies the following property: 

(C) For every connected component W of D we have either Rv{W) — V^^^"^ 
or Rv{W) C D. 

Proof. Observe that for every z £ D and every r = 1, . . . , m{z) — 1, we have that 
TO := m{z) — r is a good time for f '''{z). So, if is a connected component of D 
such that F ^ Rv on W , then letting r be such that Rv is equal to oiyW , we 
have that to := mw — r is a good time for every element of Rv{W). So Rv{W) C D 
in this case. □ 

Proof of Provosition \B. 2i By Lemma |B.3I the measure fi := X^weSi/ l^vv is finite 
and supported on Jcon(/)- So by Proposition IB . II we just need to prove that is 
a sub-conformal measure for /. So, let U he a subset of C on which / is injective. 
We have to prove that the inequality H24|l holds. Clearly the general case follows 
from the following special cases. 



Case 1. U is contained in an element W of Dv, distinct from the V. Then W := 

f{W) € Dy, mw = mw - 1, c(VF') = c{W) and (t)w' = /Iw ° So 




Then the measure ^ 



*s supported on Jconif)- If moreover t > a{f), then 
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Case 2. U is contained in a connected component W of D. Let W' be the element 
of S)y containing f{W). By property (C) we have RviW) C D. Let W" be the 
connected component of D that contains Rv{W). If = M^" then / is equal 

to (pw' o F on W, and then (|24() holds with equality. If Rv{W) is strictly contained 
in W", then an induction argument using property (C) shows that there is an 
integer n such that F" is well defined on W" and that it coincides with " on 
this set. In this case / is equal to (pw' o {F"\w")~^ o F on W and therefore 124|l 
holds with equality. 

Case 3. [/ C K{V) U {V \ D). As by definition T^{K{y) U (F \ D)) = 0, there is 
nothing to prove in this case. □ 

Remark B.5. The proof of Proposition IB . 2l does not give directly that the measure /I 
is conformal. In fact, apriori the set fiV \ D) might have positive measure with 
respect to /i, so in case 3 of the proof is not immediate that we have (|24|l with 
equality. 

Proof of Theorem\^ The second assumption implies that the pressure function of F 
is finite at a and, together with the first assumption, this implies that the pressure 
function of F is positive at a. So the induced map F is strongly regular and 
Theorem n implies that F admits a conformal measure /i of exponent a(f) whose 
Hausdorff dimension is equal to a{f). It follows that /i is the restriction to V 
of a conformal measure for / that is supported on Jcon(/) and whose Hausdorff 
dimension is equal to a{f) (Proposition^^. By Proposition IB. II this measure 
is non-atomic, ergodic and every other conformal measure of exponent a(/) is 
proportional to it. □ 
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